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what we want;




MiINIMUM spanning tree

looking for a set of edges that TC E
(a) connects all vertices
(b) has the least cost min ) w(u,v)

(u,v)eT



facts

looking for a set of edges that TC E
(a) connects all vertices
(b) has the least cost min »  w(u,v)

(uw,v)eT

—

- how many edges does solution have 7 \/ ’]

?,

does solution have a cycle”

No QjCJ\Q /H




(Greedy strategy

Qstart with an empty set of edges A

repeat fo@times:

add lightest edge that does not create a cycle
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Kruska
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Kruska
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Kruska
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whny does this work’?

1 T+ 0
2 repeat V — 1 times:
3 add to T the lightest edge e € E that does not create a cycle



definition: cut
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example of a cut

9
|
J

2

\(

3

oY

102
e/

\é/;&



definition: crossing a cut
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definition: crossing a cut

an edge e = (u,v) crosses a graph cut (S,V-S) if
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example of a crossing




definition: respect
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Cut theorem
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Cut theorem

Suppose the set of edges A is part of an m.s.t.
Let (S, V—S) beanycutthat A respects

et edge € be the min-weight edge across (S, V — S)

Then: A U{e} ispartof an m.s.t.



example of theorem






oroof of cut theorem

Theorem 2 Suppose the set of edges A is part of a minimum spanning tree of G =
(V,E). Let (S,V —8S) be any cut that respects A and let e be the edge with the minimum
weight that crosses (S,V — S). Then the set A U{e} is part of a minimum spanning tree.
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oroof of cut thm
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( COorrectness

KRUSKAL-PSEUDOCODE(G)

1 A9
2 repeat V — 1 times:
3 add to A the lightest edge e € E that does not create a cycle
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COrrectness

KRUSKAL-PSEUDOCODE(G)
1 A0
2 repeat V — 1 times:

3 add to A the lightest edge e € E that does not create a cycle % L
— S e Al

Proof: by induction. in step 1, A is part of some MST. sef ) edoy oF A

Suppose that after k steps, A is part of some MST (line 2). . Cone il

In line 3, we add an edge e=(u,V). 3
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3 cases for edge e.
Case 1: e=(u,v) and both u,v are in A.




3 cases for edge e.
Case 2: e=(u,v) and only u is in A.
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3 cases for edge e.
Case 3: e=(u,v) and neither u nor v are in A.
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analysis?

KRUSKAL-PSEUDOCODE(G)

1 A+
2 repeat V — 1 times:
3 add to A the lightest edge e € F that does not create a cycle



GENERAL-MST-STRATEGY(G = (V, F))

1
2
3
4
D

A—1(

repeat V — 1 times:

Pick a cut (S,V — S) that respects 4.

Let e be min-weight edge over cut (S, V

— 9

A— AU{e}
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Prim’s algorithm

GENERAL-MST-STRATECY (G = (V, F))

1 A0

2 repeat V — 1 times:

3 Pick a cut (S,V — 9) that respects A

4 Let e be min-weight edge over cut (S,V — S)
D

A— Au{e}

Als a subtree
edge e is lightest edge that grows the subtree
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mplementation
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mplementation



new gata structure
P ooty quee -
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pinary heap

full tree, key value <= to key of children

}




binary heap

full tree, key value <= to key of children

oo




binary heap

full tree, key value <= to key of children
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binary heap

full tree, key value <= to key of children

oo




binary heap

full tree, key value <= to key of children
how to extractmin®




binary heap

full tree, key value <= to key of children
how to extractmin®




binary heap
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binary heap

full tree, key value <= to key of children
how to extractmin?—> 6 (os..)
how to decreasekey”?




binary heap

full tree, key value <= to key of children
how to extractmin®
OC(G? V\\
how to decreasekey?
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mplementation

use a priority queue to keep track of light edges

insert: —
makequeue: —— (O Q\A)
extractmin.—z

decreasekey: _— O (| ij)



Prim’s algorithm




mplementation

PRIM(G = (V, F))

Q«— 0 > Qisa Priority Queue
Initialize each v € V with key k, < oo, m, «+ NIL
Pick a starting node r and set k;, < 0
Insert all nodes into () with key k,.
while Q # ()
do u < EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q) and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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PRIM(G = (V, E))

1 Q=0 > Q isa Priority Queue
2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # 0
6 do u «+ EXTRACT-MIN(Q)
7 r each v € Adj(u)
8 de w(u,v) < ky
9 then 7, —u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)




PRIM(G = (V, E))
Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, <+ oo, m, < NIL
Pick a starting node r and set k, < 0
Insert all nodes into ) with key k,.
while @ # ()
do u < EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)
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PRIM(G = (V, F))
1 Q<0 > Q isa Priority Queue

2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # 0
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)



PRIM(G = (V, F))
1 Q<0 > Q isa Priority Queue

2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # 0
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)



PRIM(G = (V, F))
1 Q<0 > Q isa Priority Queue

2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # 0
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)



PRIM(G = (V, E))

1

S © 00 O O i Wi

—

Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, <+ oo, m, < NIL
Pick a starting node r and set k, < 0
Insert all nodes into ) with key k,.
while @ # ()
do u < EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v))

> Sets k, «— w(u,v)
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running time

PRIM(G = (V, E))
&\1 Q«—0 > Q isa Priority Queue \{\/\MW q enl * @ C\/)

Initialize each v € V' with key k, < oo, m, « NIL—)
Pick a starting node r and set k, < 0
Insert all nodes into () with key k,.
while Q # () — -
do u «+ EXTRACT-MIN(Q )e— ~> oV QQJ \/> Tme

for each v € Adj(u) —_—

oif v € Q and w(u,v) < k, =
( then 7, < u jw} @C[“/_Ja\@j \/)
(u,v)) > Sets ky, «— w(u,v)

DECREASE-KEY(Q, v, w
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mplementation

PRIM(G = (V, E))

Q«— 0 > Qis a Priority Queue

Initialize each v € V with key k, < oo, m, < NIL

Pick a starting node r and set k, < 0

Insert all nodes into () with key k,,.

while @ # ()

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < ky,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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mplementation

use a priority queue to keep track of light edges

priority queua flbonacci heap
insert: Oflog n) log n
makequeue: N N
extractmin: O(log n)) logn  amorized
decreasekey: o O(1)  amortized

) =3



floonaccl heap




faster Implementation

PRIM(G = (V, E))
Q«— 0 > Qis a Priority Queue
Initialize each v € V with key k, < oo, m, < NIL
Pick a starting node r and set k, < 0
Insert all nodes into () with key k,,.
while @ # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < ky,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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Research In mst

FREDMAN-TARJAN 84:

GABOW-GALIL-SPENCER-TARJAN 80:
CHAZELLE 97

CHAZELLE 0O
PETTIE-RAMACHANDRAN QO2:

KARGER-KLEIN-TARJAN 95:
(randomized)

—uclidean mst:

E+ VliogV

Ea(V)loga(V)
Ea(V)

(optimal)
E
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Ackerman function

n—+1 m =
Almn)=<¢ Am—1,1) m>0,n=0
Aim—1,Aim,n—1)) m,n>0

A(4,2) =



inverse ackerman



application of mst



application of mst




application of mst



Simple grapn guestions

what is the length of the path from a to e?
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snhortest patn property

definition:
O(s,v)



snortest patns
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algoritnm



DUKSTRA(G = (V, E), s)

1 forallveV

2 do d, «+— oo

3 T, < NIL

4 dy <+ 0

5 @ < MAKEQUEUE(V) D use d, as key

6 while QQ # ()

7 do u «— EXTRACTMIN(Q)

8 for each v € Adj(u)

9 do if d, > d, + w(u,v)
10 then d, < d, + w(u,v)
11 Ty <— U
12 DECREASEKEY (Q, v)



DUKSTRA(G = (V, E), s)

00 O T i Wi

—_ = =
N = OO

forallveV
do d, <+ o 1
Ty < NIL
ds — 0
() — MAKEQUEUE(V) > use d, as key
while Q # ()
do u < EXTRACTMIN(Q)
for each v € Adj(u)
do if d, > dy + w(u,v)
then d, «— d, + w(u,v)
Ty — U
DECREASEKEY (Q, v)
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PRIM(G = (V, E))

Q0 > Q isa Priority Queue
Initialize each v € V' with key k, < oo, m, <+ NIL
Pick a starting node r and set k,. < 0
Insert all nodes into ) with key k.
while Q # ()
do u < EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < ky,
then 7, «— u
DECREASE-KEY (Q, v, w(u,v))

> Sets ky «— w("



