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stand

set your “number” to one

greet a neighbor (pause if odd person out)

if you are older, give your “number” to young and sit
if you are younger, add “numbers”

if you are standing & you have a neighbor, goto 3
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stand set greet sit/add repeat

how fast does It work;

Z n steps to finish in a room of size n

—




greet sit;agd repeat

A

stand  set
how fast does It work;

T(n)=1+14+T({n/2]|)
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T(1) = 3




recurrence’’
I'(n) =T(|n/2|)+2
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solve a simpler case when n is a power of 2.

T(2%) =2+T(2")






Asymptotic notation
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Asymptotic notation

O ( g ) at most within const of g for large n

Q ( g) at least within const of g for large n
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=24+ 24 T(2F2)
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=2+4+2+---+2+T(2°)

:{%k—l—T(l) = O(log(2%)) = C@“ﬁ“o b poui3 0\7[ 2




| ‘Intuition here’

— 2+ 2+ T(2F2)
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=24+2+---+24T(2°)
=2k + T(1) = O(log(2¥))
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=
2
N
~

(2M1o2(M1Y = 2T1og(m)] + 2



main 10eas:
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—HOW 1O solve
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relations
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n-digit inputs | 71| 8 9 J | 4 3 2

Mult(ab, cd) 1] Bl

ac100” 4 (ad + bc)100 + bd
Base case: return b*d if inputs are 1-digit

Else:



Mult(ab, cd)

Base case: return b™d if inputs are 1-digit

Else: Co

Co
Co
Co

Return r =
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calculations:
- V(L,S ")
T(V\) - lm% L) 3 3Ins L










Karatsubna
Y |1 |4]]3]||2

a b C d

ac100” + (ad + bc)100 + bd

| 7|18 9

(a +b}{c+d) = ac+Had + byt bd

(ad+bo=(a+b)(c+d) —ac—bd




Karatsuba algorithm
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Recursively compute 3 T ( " > * f;qw
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Karatsuba(ab, cd)

Base case: return b*d if inputs are 1-digit

ac = Karatsuba(a,c)

bd = Karatsuba(b,d) 3T (n/2) + 2n
t = Karatsuba((a+b),(c+d))
m'@/:t - ac - ba 4n

RETURN ac*1002 + mid*100 + ba 4n










calculations:



T(n)=3T(n/2)+9In
O(nlogQ(S)) O(n1'589)
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simpler proof technique”?



® induction redux

goal: prove that some property P(k) is true for all k
Vk, P(k) holds



® one long proof...

goal:  prove that some property P(K) is true for all k
Vk, P(k) holds



L

classic
base Case

classic
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iINnduction

P(1)

‘Pf(l }

pin g

implies P(kj —|— 1) frue



®  induction redux
asymptotic style

Sk
base case: P ( T )

iInductive step: n* implies P ( ]{j —Ii)true

P(k)




Slmp‘er prOOf (uess +chk)
T'(n) =3T(n/2) +9n

T = 0"




simpler proof
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mergesort g

technique:




MErgesort
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MErgesort
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mergeSOrt(A, start, end)




mergesort(A, start, end)

0 1f start < end

@ a4 | (start + e]ild)/QJ

@ mergesort (A, start, q)
mergesort (A, gtl, end)

—

@ merge (A, start, g, end)

else ...




mergeSOrt(A, start, end)

1f start < end

q < |(start + end)/2

mergesort (A, start, q)
mergesort (A, g+1, end)

merge (A, start, g, end)

else

MERGE(A[1 .. n|, m):

i—1; je—m+1
fork— 1ton
if j>n
B[k] — Ali]; i —i+1

ksSon

elseif i > m O
Blk] — Afj]; j—i+1]&
else if Afi] < A[j] D
Blk] — Ali]; i —i+1 Y—
else D

Blk] — A[j]; j—j+1]

fork — 1ton




mergeSOrt(A, start, end)

running time"?
1f start < end

q < |(start + end)/2

mergesort (A, start, q)
mergesort (A, g+1, end)

merge (A, start, g, end)

else ...







T(n)=2T(n/2) +n

prove:

nypothesis:
Dase case:

iInductive step:



T(n)=2T(n/2)+n

prove: T(n) = O(nlogn)

property:  T(n) < cnlogn  for c>1
base case:

iInductive step:



T(n)=3T(n/2)+9In
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T(TL) — 3T(TL/2> —+ On,  (guess +chk)



0Classmz One |an DrOOf

goal: porove that some property P(K) is true for aII K
Vk, P(k) holds



T(TL) — 3T§7’L 2) + 9N (guess +chk

show: T (k) %)

property:
base case: (handled by constants d’ and d”)
iInductive step



T(n) p— 8T(n/2) _|_ @(nz)(guess +chk)
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T(n) =al(n/b) + f(n)
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example: T(n) =4T(n/2) +n



T(n) = f(n) +af (5

case 1 (cont):




