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merge-sort (A, p, r)

if p <

T

q — lp+r)/2]

ME

ME
ME

rge-sort (4, p, q)
ge-sort (A,q+1,7)

ge(4,p,q,7)

MERGE(A[l .. n],m):

1—1; j—m+1
fork — 1ton
if j >n
Blk| — Ali]; i —i+1

else if i > m
Blk] «— Aljl; j—j+1°
else if Afi] < A[j]
Blk] — Ali]; ¢ —1+1
else

Bl — A[jl; j—j+1]1

fork — 1ton

jeff erickson

Alk] < B[k]




merge-sort (A, p, r)

if p <

T

q— [(p+r)/2]

ME
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ME

rge-sort (4, p, q)
ge-sort (A,q+1,7)

ge(4,p,q,7)

MERGE(A[l .. n],m):

1—1; j—m+1
fork — 1ton
if j >n
Blk| — Ali]; i —i+1

elseif i > m
Blk] «— Aljl; j—j+1°
else if Afi] < A[j]
Blk] — Ali]; ¢ —1+1
else

Bl — A[jl; j—j+1]1

fork — 1ton

jeff erickson

Alk] < B[k]




merge-sort (A, p, r)

if p <

T

q— [(p+r)/2]

ME

ME
ME

rge-sort (4, p, q)
ge-sort (A,q+1,7)

ge(4,p,q,7)

MERGE(A[l .. n],m):

1—1; j—m+1
fork — 1ton
if j >n
Blk| — Ali]; i —i+1

elseif i > m
Blk] «— Aljl; j—j+1°
else if Afi] < A[j]
Blk] — Ali]; ¢ —1+1
else

Bl — A[jl; j—j+1]1

fork — 1ton

jeff erickson

Alk] < B[k]




MERGE(A[L .. n],m):
merge-sort (A, p, r) e e mr -
If p < r for kiE; 1>tzn 8
Blk| — Ali]; i —i4+1 |\
q A L(p _I_ r)/QJ else if 1 > m O
Blk] — A[jl; j—Ji+1]1&
merge-sort (4, , q) cweitai <4y "0
— Alt]; 11+
merge-sort (4,q +1,7) cise 5
Blk) — Alf]; j—j+171—
merge(A7p7 Q7T) fork«— 1ton
Alk] < B[k]
5.2 4 |7 30 R0 NG
SR R4 312 | 6




merge-sort (A, p, )
fp<r

q— [(p+1)/2]
merge-sort (4, p, q)
merge-sort (4,q¢+ 1,7)
mefge(A,Z% q, T)




merge-sort (A, p,

if p<r
q+ [(p+r)

T
ME

rge-sort (A, p. q)

I

ge-sort (A, ¢+ 1,7)
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(A, p,q,

r)
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merge-sort (A, p, )
fp<r

q— [(p+1)/2]
merge-sort (4, p, ¢)
merge-sort (4,q¢+ 1,7)
merge(A4,p,q,r)
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merge-sort (A, p, r)
if p<r

q— [(p+r)/2]

merge-sort (4, , q) 2 Ty
merge-sort (A,q +1,7r)— /((”/Z)

merge(4,p,q,7) 5 ©0n)
I'(n) =2T(n/2) +O(n)
= O(nlogn)
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first attempt

arbit (A[l...n])
base case 1f |A|<=2
lg = arbit(left (A))
rg = arbit (right (A)
minl = min(left (A)) — &)
maxr = max (right (A)

return max{maxr-minl, lg,rg} o

T(N) = 27K + 86) = Blaluga)
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first attempt: time ©(nlogn) o ve @ betiar

O

arbit (A[l...n])
base case 1f |A|<=2
lg = arblt(left(A))
rg = arblt(rlght( ) )

_fminl = min(left (A)) >>r) Le Bcn) ime
maxr = max (right (A)) Can Ue gy Hleg velog, oul

}{eturn max {maxr-minl, lg,rg} » ‘s B 177




petter approach



petter approacn

Can we find a solution that has T(n) = 2T(n/2) + O(1) ?



petter approach

Can we find a solution that has T(n) = 2T(n/2) + O(1) 7

ml}> ' £t (A) )

MEKE —=AEHA ight (A) )

return max{maxr-minl, 1g, rg}




second attempt
arbit+(A[1l...n])

base case 1f |A|<=/




second attempt O( ) adgaibn

arbit+ (A[1l...n])
— — Tln) =2T(% )« By

base case 1f |A|<=.,
(Lg,_rp_gi{nl,maxl) = arbit (left (A))
(Eg,g;nr,migr) = arbit (right (A))

return max{maxr-minl,lg,rg},
—>-min{minl, minr},

I —

max{maxl, maxr}
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simple brute force approach takes
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solve the large problem by

solving smaller problems
and combining solutions






Divide & Conquer
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Divide & Conquer
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Closest(P)



Closest(P)
Base Case: If <8 points, brute force.

1. Let g be the “middle-element” of points

2. Divide P Into Left, Right according 10 g

8 MIN(Closest(Left) , Closest(Right) )

@. Mohawk = { Scan F, add pts that ara@l\e@ L from %’}

/

N

5. For each point x iIn Mohawk (in y—orql_er):

Compute distance to its next 15 neighbors
L Update delta,r,j if any pair (x,y) is < delta

— N —_—

6. Return (delta,r,))



Closest(P)
Base Case: If <8 points, brute force.

@ Let g be the "middle-element” of points
2. Divide P into Left, Right according to g
3. delta,r,] = MIN(Closest(Left) , Closest(Right) )

4. Mohawk = { Scan P, add pts that are delta from g.x }

\

Compute distance to its next 15 neighbors
Update delta,r,] if any pair (x,y) Is % delta

5. For each point X in Mohawk (in.y-order):

6. Return (delta,r,)) Can be reduced to 7!



Details: How to do step 17
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Closest(P,5X,5Y)
Let g be the middle-element of SX
Divide P into Left, Right according to g

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY) — 2 7( %)

Mohawk = { Scan SY, add pts that are delta from q.X } h

For each point x in Mohawk (in order): Cn)

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) Is < delta

Return (delta,r,))
)= 27(8)+ o) = O (n logn)
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Closest(P,SX,SY)
Let g be the middle-element of SX
Divide P into Left, Right according to g

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY))

Mohawk = { Scan SY, add pts that are delta from q.X }

For each point x in Mohawk (in order):

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) is>ijelta

Return (delta,r,)) Can be reduced to 7!
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Closest(P,SX,SY)
Let g be the middle-element of SX
Divide P into Left, Right according to g. Scan to get LY, RY.

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY))

Mohawk = { Scan SY, add pts that are delta from q.X }

For each point x in Mohawk (in order):

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) Is < delta

Return (delta,r,))



Closest(P,SX,SY)
Let g be the middle-element of SX
Divide P into Left, Right according to g. Scan to get LY, RY.

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY))

Mohawk = { Scan SY, add pts that are delta from q.X }

For each point x in Mohawk (in order):

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) is>ijelta

Return (delta,r,)) Can be reduced to 7!
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Let g be the middle-element of SX
Divide P into Left, Right according to g. Scan to get LY, RY.

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY))

Mohawk = { Scan SY, add pts that are delta from q.X }

For each point x in Mohawk (in order):

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) Is < delta

Return (delta,r,))



Closest(P,SX,SY)
Let g be the middle-element of SX
Divide P into Left, Right according to g. Scan to get LY, RY.

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY))

Mohawk = { Scan SY, add pts that are delta from q.X }

For each point x in Mohawk (in order):

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) is>ijelta

Return (delta,r,)) Can be reduced to 7!



Running time for Closest pair algorithm

T(n) =



T(n)=2T(n/2)+ 6O(n) = O(nlogn)




@author Robert Sedgewick
@author Kevin Wayne

http://algs4.cs.princeton.edu/99hull/ClosestPair.java.html

public ClosestPair(Point2D[] points) {
int N = points.length;
if (N <=1) return;

Point2D[] pointsByX = new Point2D[N];
for (inti=0;i<N;i++)

pointsByX[i] = pointsi];
|Arrays.sort(pointsByX, Point2D.X_ORDER);

7/7 check for coincident points
for (inti=0;i <N-T;i++) {
if (pointsByX[i].equals(pointsByX[i+1])) {
bestDistance = 0.0;
best1 = pointsByXIil;
best2 = pointsByX[i+1];
return;

L

Il sort by y-coordinate (but not yet sorted)
Point2D[] pointsByY = new Point2D[N];
for (inti=0;i<N;i++)

pointsByY[i] = pointsByX]i;

Il auxiliary array
Point2D[] aux = new Point2D[N];

closest(pointsByX, pointsByY, aux, 0, N-1);

}

/\
Il sort by x-coordinate (breaking ties by y-coordinate)

Il find closest pair of points in pointsByX[lo..hi]

Il precondition: pointsByX[lo..hi] and pointsByY[lo..hi] are the same sequence of points, sorted by x,y-coord

private double closest(Point2D[] pointsByX, Point2D[] pointsByY, Point2D[] aux, int lo, int hi) {
if (hi <= lo) return Double.POSITIVE INFINITY:

Gt mid = lo + (hi - lo) / 2;
Point2D median = pointsByX[mid];

Il compute closest pair with both endpoints in left subarray or both in right subarray
double deltal = closest(pointsByX, pointsByY, aux, lo, mid);

double detta2 = closest(pointsByX, pointsByY, aux, mid-+1, hi);

double delta = Math.min(deltal, delta2);

Il merge back so that pointsByY[lo..hi] are sorted by y-coordinate
merge(pointsByY, aux, lo, mid, hi);

Il aux[0..M-1] = sequence of points closer than delta, sorted by y-coordinate
intM =10;
for (inti = lo; i <= hi; i++) {
if (Math.abs(pointsByY[il.x() - median.x() < delta)
aux[M++] = pointsByY[il;
}

for inti=0;i<M;i++){
Il a geometric packing argument shows that thislo‘opiteﬂs_a]_mm@
forintj = i+1; < M) && (aux[jl.y() - auxfil.y() < detta); j++) {
double distance = aux(i].distanceTo(aux[j]);
if (distance < delta) {
delta = distance;
if (distance < bestDistance) {
bestDistance = delta;
best1 = aux]i];
best2 = auxj;

Q compare each point to its neighbors with y-coordinate closer than delta

}
}
}
}

return delta;

}

I/ StdOut.println(“better distance =" + delta + " from * + bestl + “to " + best2);



