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What does the FFT take as input?

@Aj V\w«%i M coeﬁa %{M

What does the FFT do?



FET

inputzg_jgz&l, as,...,An_—1
A CU) — g;() _|‘CZ1ZIZ—|—0,2;B2 + .. +an—1$n;l

output: evaluate polynomial A at (any) n different points.— {*® s 5() on ‘\,7

4 N points ONn a curve

Alc)mp |~
s VAN




A(CE) = ap + A1 + a2x2 4 .00 4 @n_lili‘n_l



3 5 1
+ai1x + azx” +asx’ + -+ ap_1x"

_

—



A(:E) = ap + A1 + aQQjQ 4+ ..o 4 Cln_lil?n_l
n—2

2 4
= ag + axx” +a4x” + -+ a,_ox

3 5 1
+a1$+a3$ +a,5aj +...+an_1$n

______________________________________________________________________________________________________________________________

Ae(x) — ap ag2xr + CL4$2 = i anx<7l_2)/2 /7 ﬂﬁéjffe g
Ao(x) — a1 as3xr + &51’2 = i an_lx(n_z)/Q

______________________________________________________________________________________________________________________________



A(:E) = ap + A1 + a2x2 e an—1£l’)n_1

2 4 _ 9
= Qg + A2X” + aux _|_..._|_an_2$n

3 5 1
+a1x + as3x” + asx” + - - - +an_1$n

______________________________________________________________________________________________________________________________

Ae(r) = ap + azx + asx’ + -+ q,x""2)/2
Ao(x) = a1 + aszx + asx2 4+ -+ an_lx(”_z)/Z
A(x) — 46 (5132) -+ CCAO(,EEQ)




Ar) = Ac(2?) + 2do(2?)
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e we had already had eval of Ae,Ao on {4,9,16,25}



A(x) = Ao (z®) + A, (x%)

suppose we had already had eval of Ae,Ao on {4,9,16,25}

A(4) Ao(a)
A.(9)  Ao(9)
A,(16) Ag(16
A(25) Ag(25




FFT(f=al1,...,nD

Evaluates degree n poly on the nt roots of unity



Roots of unity
r’ =1

=
should have n solutions

what are they?



Remember this? £ bty

271 1




v the n solutions are:

consider { |, 2mi/n, zmz/@ S2mi(n—1)/n }
2T yln " : @/ m> \i\ k
[@ 1 - z-ﬂ'k l)
C =
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n ___
r =1
the n solutions are:

consider 627Tij /n for j=0,1,2,3,...,n-1

[6(27m'/n)j} n: [6(271-7;/71)71]'7 _ [627”.]'7. _ 1j

627”/]/” B w],n is an nth root of unity

Won,W2ny++yWn—1n




What is this number??
@j/ﬂ - ,(;_uj,n is an n'h root of unity




W/ :
hat IS this number?

6271'2’]’/71 - :
elgp C W ‘E’n is an n'® root of unity
— COS\ O , S
i - ) + isin(x)

e/ )
— COS(27T7
(27tj/n) + isin(27tj/n)




2711
e 17/ n
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w]’n is an nth root of
unity

40
nyW2nye ..o, W
n—1,n

Lets compute W1 .8

\



Compute all 8 roots of unity

Wo W1 W2 W3 W4 W5 We W7

Then graph them



roots of unity
r’ =1

should have n solutions

>/ = cos(2mtj/n) +isin(27j/n)

W1.8

Wo,n




8quaring
r =1
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Thm: Squaring an nt" root produces an n/2" root.

1 ?
example: W1,8 = <\/§ | \/§>




Sqguaring the N roots of unity
" =1 2 =1

W1.8

Squaring all of the nth roots of unity
produces the n/2th roots of unity



Thm: Squaring an nt" root produces an n/2" root.

1 ks Z L pa 2
{17 62772'(1/77,)7 62’7121%/”’), 627m'(3/n)7 . 7627m'(n/2)/n e27r7$(fn,/2—|—1)/fn, 762772'(?1—1)/71}

1,e2m 0 I, ,bedﬂj\

| |







Thm: Squaring an nt" root produces an n/2" root.

{17 2mi(1/n) 2mi(2/n) 2mi(3/n)  2mi(n/2)/n 2mi(n/241)/n 627Ti(n—1)/n}
1 2riC/n/2)  2mi2/ /D) 2mi(3/(n/2) 1

2mi((n/2)+1/(n/2))

_ 62777}(1—|—1/(n/2))

— 1. 2mi(1/(n/2))
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A(x) = Ao (z®) + A, (x%)

evaluate at a root of unity



A(x) = Ao (z®) + A, (x%)

evaluate at a root of unity

Awin) = Ae(w?,) + winAo(w?,)

— ~ 2 S
th
nf r O.Ot n/2th root n/2th root
of unity — . .
of unity of uni
gl ty
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FFT(f=al1,...,nD

Evaluates degree n poly on the nt roots of unity



FFT(f=alr,...,n}

4 )

Base case If n<=2

E[. : ] <- FFT(Ae) // eval Ae on n/2 roots of unity
O[ : ] <- FFT(AO) // eval Ao on n/2 roots of unity

combine results using equation:

A(win) = Ae(wz’z,n) -+ Wi,nAO(wz‘z,n)

A(wi,n) — Ae (wz mod 71/2,%) + w'i,nAO(w'i mod "/23%)

Return n points.
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FFT4, 1,3, 2,2, 3,1, 4)

———

—_

What does this function compute”




—Xample

FFT4, 1,3, 2,2, 3,1, 4)

What does this function compute”

A(&)r

It evaluates 4 + 1x + 3x2 + 2?<3 + 2X% + 3x° + 1x° + 4x’

on the 8th roots of unity, which are



FFT4, 1,3, 2,2, 3,1, 4)

What does this function compute”

—Xample

ACL)

It evaluates 4 + 1x + 3x2 + 2x3 + 2x* + 3x° + 1x° + 4x/

on the 8th roots of unity, which are







L A

=4 + 1X + 3x% + 2x3 + 2x* + 3x° + 1x° + 4x’

Aol
A (%)

T (/-\ e>
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fort slep 3 (T (7 275 o) = © Lologe)

?[}'( LP() N1 réJVurrJ

L\)D,b WYy % “zb b
ACY = Alu, ) = Al ) = Ae(wep) 4
AeC) 4 14,0 Ae(W) Yot Ao ()
= 70 V\)‘l‘b'Ao(Vt.%) = 2+ b(~ L)

:‘(2_4'2’() a \/J‘l‘o /Z,z;)
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A(z) = asx® + asz® + a1 + ag A ()

x_

—_—

a3bax’+
- P(,JS azby + asbs )z’ +

(agby + agba + arbg)ut+ CCy

C(iE) = (agbo T CLle T CleQ -+ &Obg)ZIZS—I—

= (CLQbO T albl T a0b2)$2—|—
(&1[?() T aobl)ZE—F

B(.CE) — 113563 + b2$2 + b1 —|:b0 N ¢ 103
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y=2043v ]
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az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CB) — b() -+ blﬂl’ -+ bQCBQ -+ bgiL’S -+ 05134 -+ 05135 -+ 033‘6 -+ 0513‘7




az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CB) — b() -+ blﬂl’ -+ bQCBQ -+ bgiL’S -+ 05134 -+ 05135 -+ 033‘6 -+ 0513‘7

Alwo)  Alw1)  A(w?) Alwr)




az || a2 || a1 || ao * b3 || b2|| bi || bo

zﬂ\ﬁ?) — ag + a1x + asx® + azx® + 0zt + 0x° + 028 + 0z’

B(CB) — b() -+ blﬂl’ -+ b2£E2 -+ bgiL’S -+ 05134 -+ 05135 -+ 033‘6 -+ 0513‘7

Alwg)  A(wr)  Alws) A(w7) EET
B(wy)  B(wi) B(ws) B(w7) EFET




az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CB) — b() -+ blﬂl’ -+ b2£E2 -+ bgiL’S -+ 05134 -+ 05135 -+ 033‘6 -+ 0513‘7

Alwg)  A(wr)  Alws) A(w7) EET
B(wy)  B(wi) B(ws) B(w7) EFET
Clwo)  Clw1)  Clwo) C(wr)

—




az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CB) — b() -+ blﬂl’ -+ b2£E2 -+ bgiL’S -+ 05134 -+ 05135 -+ 033‘6 -+ 0513‘7

A(ws) A(wr) I!ET
B(wz) Ba(w7) EET
C'(ws) C'(wr)

2 7
C(z) =co+c1x + cox” + - c7x’  pexe

_~




application to mult

J 7|18 ||9 J 4 || 3

karatsuba




application to mult
*

E a b C d

T'(n)=3T(n/2) +60(n)
@(nlog2 3)

Sl1llz7zll8l|9 1 14|32
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DL
oo N

=5 16 34 60 61 52 32

34 i | |
7 8
16 24 32
7142128 —
612 18 24
5 16 15 20

1234 5678

Split and zero pad Split and zero pad

-d

3|]2|]1|]0jJ0]0]}]0 8|7|]6|5|]0)j0|0}0
FFT (In 23’) with %-85) FFT (in Z)]y with U‘-BS)
32912988126{ 2 |271| 43301 26|24 298{322 2 |83|43)27

Recursive pointwise multiplication (mod 337)

2601450173132 4 [251)164138 32

52

Inverse FFT o1
—>={32]|52|61|60|34]|16] 5| 0 33"

Recombination (carrying) | 16

7006652 70060652

https://en.wikipedia.org/wiki/File:Integer multiplication by FFT.svg

Schonhage—Strassen 71 O(nlognloglogn)

—

Fiirer 607 O(n 1Og(n)210g*(n))

I
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A GMP-BASED IMPLEMENTATION OF SCHONHAGE-STRASSEN’S
LARGE INTEGER MULTIPLICATION ALGORITHM

PIERRICK GAUDRY, ALEXANDER KRUPPA, AND PAUL ZIMMERMANN

ABSTRACT. Schonhage-Strassen’s algorithm is one of the best known algorithms for multi-
plying large integers. Implementing it efficiently is of utmost importance, since many other
algorithms rely on it as a subroutine. We present here an improved implementation, based
on the one distributed within the GMP library. The following ideas and techniques were
used or tried: faster arithmetic modulo 2" 4 1, improved cache locality, Mersenne trans-
forms, Chinese Remainder Reconstruction, the v/2 trick, Harley’s and Granlund’s tricks,
improved tuning. We also discuss some ideas we plan to try in the future.

INTRODUCTION

Since Schonhage and Strassen have shown in 1971 how to multiply two N-bit integers in
O(Nlog N loglog N) time [21], several authors showed how to reduce other operations —
inverse, division, square root, gcd, base conversion, elementary functions — to multiplication,
possibly with log V multiplicative factors [5, 8, 17, 18, 20, 23|. It has now become common
practice to express complexities in terms of the cost M (V) to multiply two N-bit numbers,
and many researchers tried hard to get the best possible constants in front of M (V) for the
above-mentioned operations (see for example [6, 16]).

Strangely, much less effort was made for decreasing the implicit constant in M (N) itself,
although any gain on that constant will give a similar gain on all multiplication-based op-
erations. Some authors reported on implementations of large integer arithmetic for specific
hardware or as part of a number-theoretic project [2, 10]. In this article we concentrate on
the question of an optimized implementation of Schonhage-Strassen’s algorithm on a classical
workstation.
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String matching with *

ACAAGATGCCATTGTCCCCCGGCCTCCTGCTGCTGCTGCTCTCCGGGGCCACGECCACCGETGCECTGEE
CCTGGAGGGTGGCCCCACCGGCCGAGACAGCGAGCATATGCAGGAAGCGGCAGGAATAAGGAAAAGCAGC
CTCCTGACTTTCCTCGCTTGGTGGTTTGAGTGGACCTCCCAGGCCAGTGCCGGGCCCCTCATAGGAGAGG
AAGCTCGGGAGGTGGCCAGGCGGCAGGAAGGCGCACCCCCCCAGCAATCCGCGCGCCGGGACAGAATGCC
CTGCAGGAACTTCTTCTGGAAGACCTTCTCCTCCTGCAAATAAAACCTCACCCATGAATGCTCACGCAAG

TTTAATTACAGACCTGAA

Looking for all occurrences of

GGC%GAG*C*6C "

where | don't care what the * symbol is.



West 81st Street, New York, ... Add a photo
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Stairs(n)
ij n<=1 return 1

return Stairs(n-1) + Stairs(n-2)




Stairs(n) if n<=1 return 1

ret Stairs(n-1) + Stairs(n-z

/ \,
Stalrs

N N
‘

Stalrs 1) Stairs(0) Stairs(1) Stairs(0)

Stairs(1)




initialize memory M

Stairs()



Stairs(n)
1f n<=1 then return 1 StalrS(g)

—

_—

if p is inC@)reEafﬂjﬂiizp \\\\

answer = Stairs(i-1)+ Stairs(i-2)

o

MIn] = answer

return answer g,éj)

&
—

4

@ &

J
\




Stairs(n)

stair[0]=1
stair[l]=1



Stairs(n)

stair[0]=1
stair[l]=1

for 1=2 to n
stair[i] = stair[i-1]+stair[i-2]
return stair[i]



Dynamic
Programming



WO 10eas

recursive structure

MEeMOIZING



wood cutting

Quarter Sawn Regular Sawn
Log Log

http://www.amishhandcraftedheirlooms.com/quarter-sawn-oak.htm
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SPOt price for lumber



LOg cutter allemna

input to the problem: 1, (4, ..., Pn)

goal:



Greedy fails

85 109




Greedy “Avg” falls

1" 2 3 b 5 b
1$ 185 245 365 50§ 50

6" log




Observation



Solution equation



Approach




Approach




BestLogs(7, (p1,...,Pn))
if n<=0 return ©



BestLogs(7, (p1,...,Pn))

1f n<=0 return 0
for 1=1 to n

Best[i] = kIB?Xi{pk + Best|i — k|}

return Best[n]



The actual cuts?



BestLogs(7, (p1,...,Pn))

1f n<=0 return 0
for 1=1 to n

Best[i] = kIB?Xi{pk + Best|i — k|}

choice[1] = k*
return Best[n]



Matrix







Aq - Ay - Aj

(A; - Ag)- Ay Ap- (A - As)



(Aq - Ag) - As




(Aq - Ag) - As

100 § 50

- s
I00

10-100-5+ 10 -5 - 90

operations



Ai - Ay As

I00

IOO




A As - A3

100 -5 -90 + 10 - 100 - 50

operations



order matters

(for efficiency)



how many ways to compute?’

A1AA5 ... A,



how many ways to compute7

A1AsAs .. A,
A1AsAs ... A,




how many ways to compute?

A1AxAs .. A,
A1 A5As .. A,,,j
A1 A5 A5 .. A,




how many ways to compute7

A1AxAs .. A,
A1 A5As .. Anj
A1 AsAs. . A,




how do we solve it?

identify smaller instances of the problem

devise method to combine solutions

small # of difterent subproblems
solved them in the right order



optimal way to compute

A1 Ay A5 Ayl

A,




optimal way to compute
A1 A A3A, ... A,

B[1,n]



optimal way to compute
A1 A A3A, ... A,

B[1,n]

GO

1,1]
2,n]

GO

Rl Cl Cn



optimal way to compute
A1 A A3A, ... A,
B[1,n]

B[1,1 B[1,2] B[1,n-2 B[1,n-1]
B[2,n! B[3,N] B[n-1,n B[n,n]}

RlClcn RlCQC’n Rlcn—QCn Rlcn—lcn



B(i,i) = 1

B(1,n) = min



771) T T'1C1Cp
)—— r'iC2Cn

B(n,n) 4+ ric,_1cy






B(Zvj) —

0if i =
ming{B(i,k) + B(k+1,7) + ricrc;

which order to solve?



0 if i = j
: 0 B(t,7) =\ ming{B(i, k) + Bk + 1, ) + rickc,

I 2 3 4 5 6




10 20
| = -ES
1§ 2

B(1,2)



5 108 20 2
| = ~EE
15 20

6 10+20%25 = 5000 O
5 s¢10020 = | 000 O
4 1s#5¢10 = /50 O
3 35¢15%5 = 2625 O
2 | s0ss= 15750 0
— 0Oif 2=
: 0 B(t,7) =\ ming{B(i, k) + Bk + 1, ) + rickc,

I 2 3 4 5 6



3 3551545 = 2625 O
2 | seaskis= 15750 0
o B(i.j) = |

0if i = j

5 108 20 2
| = < HE
15 20

ming{B(¢,k) + B(k 4+ 1,7) + ricrc;

4

5

6



5

.

10 20 2
- o
20

10500 5375 3500 02025-5000 |
| 1875 7125 2500 stio20= 1000 0
9375 4375 55+10= 750 0
7875 3515+ = 2625 0
. 0 0if i =j

0

I

4

ming{B(¢,k) + B(k 4+ 1,7) + ricrc;

y
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5 108 20 2
| = < HE
15 20

6 k=1 0 4 10500 + 30 - 35 - 25
k=2 15750+ 5375+ 30-15-25

C(1,6) =min{ k=3 7875+ 3500+ 30525
k=4 9375+ 5000 + 30 - 10 - 25

k=5 11875 + 0 + 30 - 20 - 25




5 108 20 2
| = < HE
15 20

6 k=1 0 4 10500 4 26250
k=2 15750 + 5375 + 11250

C(1,6) =min{ k=3 7875+ 3500 + 3750
k=4 9375+ 5000 + 7500

k=5 11875 + 0 -+ 15000




5

.

10 20 2
- o
20

15125 ;|| 10500 5375 3500 4| roa025-5000
| 1875 7125 2500 s+1020= 1000 0
9375 4375 ssv10- 750 0
7875 || nss-2625 0
3043515 = | 5750 0
0
I 2 3 4 5




5

.

10 20 2
- o
20

15125 ;|| 10500 5375 3500 4| roa025-5000
11875 || 7125 || 2500 | swe-i000, 0O
9375 4375 ssv10- 750 0
7875 || 155-26254 0
3043515 = | 5750 0
0
I 2 3 4 5




matrix-chain-mult(p)

initialize array m{x,y} to zero



matrix-chain-mult(p)

initialize array m{x,y} to zero

starting at diagonal, working towards upper-left

compute mli,j} according to

0if i = j
ming{B(i,k) + B(k+1,7) + ricrc;



running time:

initialize array m{x,y} to zero

starting at diagonal, working towards upper-left

compute mli,j} according to

0if i = j
ming{B(i,k) + B(k+1,7) + ricrc;



