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(A1 - Az) - As




(A1 - Az) - As
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A As - A3

100 -5 -90 + 10 - 100 - 50

operations



Order matters

(for efficiency)



How many ways to compute’?

A1AA5 ... A,
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How many ways to compute’?
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How many ways to compute’?

AlAsAs .. A,

A1 A5As .. A,,,j
A1 A5 A5 .. A,




How many ways to compute’?

AlAsAs .. A,

A1 A5As .. Anj
A1 AsAs. . A,




How do we solve [t/

( identify smaller instances of the problem

devise method to combine solutions

N
small # of different subproblems

solved them in the right order
- 9




Optimal way to compute (i

MlAQABQ. A,
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optimal way to compute
A1 A A3A, ... A,

B[1,n]

GO

1,1]
2,n]

GO
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optimal way to compute

A1AA3A,4 ... A,

/ - \}
B[1.,1 B[1,2] B[1,n-2 B[1,n-1] \ M0
B[2,n; B[3,n] B[n-1,n B[n,n] —

R1C1€n RlCQC’n Rlcn—QCn Rlcn—lcn




B(i,i) =1

B(1,n) = min
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which order to solve?
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5 108 20 2
| = ~EE
15 20

6 10+20%25 = 5000 O
5 s¢10120 = | 000 O
4 |5*5*|0=__7_2(3 O
3 $ - 35¢15%5 = 2625 O
2 | s0ss= 15750 0
— — 0Oif 2=
: 0 B(t,7) =\ ming{B(i, k) + Bk + 1, ) + rickc,
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5 108 20 2
| = ~EE
15 20

RO+ 8y + ez = O

S 75V

175 430355 737%
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3 7,56 FS 35¢15%5 = 2625 O
2 | s0usts= 15750 0 0ifi—
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10500 5375 3500 02025-5000 |
| 1875 7125 2500 stio20= 1000 0
9375 4375 55+10= 750 0
7875 3515+ = 2625 0
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ming{B(¢,k) + B(k 4+ 1,7) + ricrc;
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5 108 20 2
| = < HE
15 20

6 k=1 0 4 10500 + 30 - 35 - 25
k=2 15750+ 5375+ 30-15-25

C(1,6) =min{ k=3 7875+ 3500+ 30525
k=4 9375+ 5000 + 30 - 10 - 25

k=5 11875 + 0 + 30 - 20 - 25




5 108 20 2
| = < HE
15 20

6 k=1 0 4 10500 4 26250
k=2 15750 + 5375 + 11250

C(1,6) =min{ k=3 7875+ 3500+ 3750
k=4 9375+ 5000 + 7500

k=5 11875 + 0 -+ 15000




20 2
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1§ 20

5125 4| 10500 || 5375 3500 4 www-5000
11875 || 7125 | 2500 || sww-1000 0
9375 | 4375 || w750 0
7875 4| o225 0
o35+t - 15750 0
0
1 2 3 4 5
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11875 | 7125 | 2500 || sww-1000 4 O
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o35+t - 15750 0
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\atrix-chain-mult(p)

initialize array m{x,y} to zero



Matrix-chain-mult(p)

initialize array m{x,yl to zero

hoow ey boxes {1
starting at diagonal, working towards upper-left
& (nY)

compute mli,j} according to

0 if i = j
{ ming{ B(1, k) + Blk=+1,7) + ricrc;
TN
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running time’?
initialize array m{x,y} to zero

starting at diagonal, working towards upper-left

compute mli,j} according to

0if i = j
ming{B(i,k) + B(k+1,7) + ricrc;



lypesetting

It was the best of times, it was the worst ofl
times, it was the age of wisdom, it was the age of
foolishness, it was the epoch of belief, it was the
epoch of incredulity, it was the season of Light,
it was the season of Darkness, it was the spring
of hope, it was the winter of despair, we had ev-
erything before us, we had nothing before us,
we were all going direct to heaven, we were all
going direct the other way - in short, the period
was so far like the present period, that some of
its noisiest authorities insisted on its being re-
ceived, for good or for evil, in the superlative
\degree of comparison only.
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It was the best of times, 1t was the
worst of times, i1t was the age of wisdom, 1
the age of foolishness, it was the epoch of
it was the epoch of incredulity, 1t was the
of Light, 1t was the season of Darkness, 1t
spring of hope, 1t was the winter of despai
had everything before us, we had nothing be
we were all going direct to heaven, we were
going direct the other way - 1in short, the

was so far like the present period, that so
its noisiest authorities insisted on its be
received, for good or for evil, in the supe
[degree of comparison only.

season
was the
. we
ore us,
all
eriod

e of

ng
lative




First rule of typesetting

never print in the margin!

<+—> gre simply not allowed



It was the best of times, it was the worst 67(Z€J?{ bed.
of times, 1t was the age of wisdom, 1t was

the age of foolishness, it was the epoch__

of-belief - it was -the epoch-of | £

incredulity, it was the season of Light,

it was the season of Darkness, i1t was the

spring of hope, 1t was the winter of
despair, we had everything before us, we
had nothing before us, we were all going
direct to heaven, we were all going direct

the other way - 1n short, the period was

so far like the present period, that some ¢f 1ts
noisiest authorities insisted on 1i1ts being
received, for good or for evil, 1n the sup¢rlative

[degree of comparison only.
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of belief, it was the epoch of

It was the best of times, 1t was the worst
of times, 1t was the age of wisdom, 1t was
the age of foolishness, it was the epoch

1

1t was the season of Darkness,

so far like the present period,

received, for good or for evil,
degree of comparison only.

incredulity, it was the season of Light,
it was the
spring of hope, 1t was the winter of
despair, we had everything before us, we
had nothing before us, we were all going
direct to heaven, we were all going direct
the other way - 1n short, the period was
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noisiest authorities insisted on 1its being
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It was the best of times, i1t was the _
Worst of times, 1t was the age of wisdom, _
it was the age of foolishness, 1t was the
epoch of belief, 1t was the epoch of
incredulity, it was the season of Light,
it was the season of Darkness, 1t was the
spring of hope, 1t was the winter of
despair, we had everything before us, we
had nothing before us, we were all going
direct to heaven, we were all going direct
the other way - 1n short, the period was
so far like the present period, that some
of 1ts noisiest authorities insisted on
its being received, for good or for evil,
in the superlative degree of comparison
only.
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Typesetting problem

' e net b~ (){ LJels
INnput: /\/\ W, Wo Wiy oL, W, 1€ﬂ S re )
e— )

OUtpUt (\")I*“ \"/£| > / (L’Jf,*] bu((,>7 ce (W(VL L )

such that



Typesettmg problem

nput: W = {wy,ws, w3, ..., wn}

OUtpUt: L = (wla I 7w£1)7 (w€1+17 IO 7w€2)a s ooy (wfa;_{_l,...,wn)

such that



Typesetting problem

INput: W = {w, w2, w3, ..., wn}
. 0
output: L = (EB\'"72?1)7(wglaﬂ'v%z)w”v(wﬁw+1 ..... Wy,)

Tl —ti—1)

e ®
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how to solve

define the right variable: tha fost
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magine optimal solytion
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magine optimal solution
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Some word has to
e the first-word-of-
ast-line
twoll




magine optimal solytion
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) St.n last line

fwoll Is  wy slack when line starts with  wy
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magine optimal solytion
( J{
(
( )
( X
(
I St.n last line
fwoll is  wy slack when line starts with — wy
BEST,, = BEST,_1 + S7,,




HOW Many canaicates
are there 1or the twoll”/
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Is w, fVVOLl? ‘

—<

g/}%f (S\,m>l

o

there is no slack (no solution even)
because words go beyond edge!

define S1,n» = o0 if this happens
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Is w, fwoll?




Which word is fwoll?

%@ §+) + S

BEST,, = min



Which word is fwoll?
EEN

2,n

—_—

BESTs + S5

n

BEST,, = min '
n BEST/—1 + 57,

e ——

BEST,—1+ Sy ,
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How to compute S J
Sij

e

slack when line

starts with  ws
and ends W



Simplest case
o M
( 1,1 M

) .
slack when line
starts with wi

and ends w;
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Simplest case

@ S10

slack when line
starts with wi
and ends wo



how to compute 5; ;
S’L,]
) |

slack when line
starts with W
and ends W
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int infty = MxMx2;
s

// compute S_1ij
—>int S[I[] = new int[n+1][n+1];
for(int i=1l;i<=n;i++) I—
S[il[i] =M - lens[il;
(for(int j=i+1; j<=n; jJ++) {

Sa.4

S[il1[j] = SI[il[j-1] - lens[j] - 1;
< - — —

while(j<=n) { S[i] [j++] = infty; }

b
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S1n




Typesetting algorithm

make table for S 7,79



Typesetting algorithm

make table for S 7,79

— R ————
a— \

fori=1ton
il

best[i] = min{ best[j] + s[§+1][i]? }

Q¢ yeATon

// compute best 0,...,best n

(}nt best[] = new int[n+l];
int choice[] = new int[n+l];

best[0] = 0;
for(int i=1l;i<=n;i++) {
/Int min = infty;
int ch = 0;
for(int j=0;j<i;j++) {
int t = best[j] + S[F+1]1[i]*S[F+1]1[i];

if (t<min) { min = t; ch = j;}
-_— ==  e—

best[i] = min;
choice[i] = ch;

}




Example

It was the best of times, it was the worst of times; i1t was the age o
wisdom, it was the age of foolishness; i1t was the epoch of belief, it
was the epoch of incredulity; it was the season of

2
3

NI W

3426233526233327233
12 2 33527 233521223362



first step: maked; _;

1 4o

S

[

Z+

LY

S(;\j //fz_/Q’

2

3342623352623 33
712 2335272335212

2 7 2 3 3
2 3 36 2

Si,z' — M — |wz|
Sij = Sij-1—1—|wj



First step: make S; ;
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First step: make S; ;

1

3342612335262 33327
2 1 3

2233527 23352122

Sii = M — |w;
Sij = Sij-1—1—|wj

2 2 3 3
3 3 6 2

)




second step: compute

best

Pest = %%*DJV@'WBL = D+ 47 = 1L

S 10

0

(40P

BEST

1—1

— 111111
j=0

4 5

{BEST; + S5, ;}

6 / 3 S 10 11 12 13




i—1
= mi . 2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3 S 10 11 12 13

best | 0 | |1600 = ggl
choice © 0 0 0 0 0 0 0 0 0 0 [
e S, s tin Pot ()
S04 S )*
It—tre=) (Q—JL)
—_ -
ST — )

l6 ) <+ 29




i—1
. -_— . B 2
BEST; = min { BEST; + CHERY

© 1 2 3 4 5 6 /

best | 0 1600| | 1296

choice © 0 0 0 0 © © 0

It was




i—1
o Q2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 /

best | O 1600 | 1296 | 1024

choice © 0 0 0 0 © © 0

It was the




best

choice

1—1

s | 2
BEST; = min { BEST; + CHERY
Q] 1 2 3 4 5 6 / 8 9 10 11 12 13
//""\(
0 1600 1296 | 1024 | | 729 576 289 196 100 36 (\ 0
® © O o O o o o o o o
It was the best
1 2 3 4 5 10 11 12 13




i—1
. — . . 2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3

best | 0O 1600 | 1296 1024 | 729 | | 576 | | 289 | | 196 | | 100

choice © 0 0] 0] 0 0] 0 © ®

It was the best of




i—1
. — . . 2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3 S 10 11 12 13

best | 0O 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 0

choice © 0 0] 0 0] 0 0] 0 @ © ®

It was the best of times, it was the worstl OYQ

Westle — —

5o % @w)} > @
g‘ZSjFuj e EH E’Z”‘}L



best

choice

1—1

_ Q2
BEST; = min {BEST; + 5%, , }

7=0
® 1 2 3 4 5 6 7 8 9 10 11 12 13

0 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 0

© © © © © © © © © © ©

It was the best of times, it was the worst
of

Besti1 = min {



i—1
. — . . 2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3 S 10 11 12

best | 0O 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 0

choice © 0 0] 0 0] 0 0] 0 @ © ®

It>was the best of times, it was thﬁ,\

worst of
(O
rm 2
BEST10 + 71,11
rml 2
BESTy + 570,11
. ) BESTS + 5%,
BEST{11 = min 5%
BESrﬁ’? -1 58,11
BESrﬁf} ] S’?,ll




i—1
_ Q2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3 S 10

11

12

13

best | 0O 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 0

choice © 0 0] 0 0] 0 0] 0 @ © ®

It was the best of times, it was

the worst of
-

rm 2
BEST10 + 71,11
rml 2
BESTy + 510,11
2
. BESTg + S
BEST{1 = min S %’”Ll
BESrﬁ’? -1 58,11
BESrﬁf} ] S’?,ll




best

choice

1—1

It was the best of times,

it was the worst of

BEST{1{ = min

BEST; = min {BEST; + S? 1}

6 1 2 3 4 5 6 7 8 9 11
0 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 82
6 © 6 © 06 © 0 o 0 o

rm 2
BEST10 + 511,11

BEST
BEST
BEST
BEST

/




i—1
= m] . 2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3 S 10 11 12

best | 0O 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 0 818 | | 545

choice 0O 0 0 © 0 © © © 0 0 0 6 6

It was the best of times, (¢ —

(9 was the worst of times, it —w&-

2
BESTlQ -1 513’13
BEST11 4+ S2
11 12,13

BEST{13 = min .
BEST7 1 Sg)lg
BEST¢ + 57 15




i—1
= m] . 2
BEST; = Wil { BEST; + CHERY

© 1 2 3 4 5 6 / 3 S 10 11 12

best | 0O 1600 1296 1024 | 729 | | 576 | | 289 || 196 | | 100 | | 36 0 818 | | 545

choice 0O 0 0 © 0 © © © 0 0 0 6 6

It was the best of times, 1t

was the worst of times, it

2
BESTlQ -1 513’13
BEST11 4+ S2
11 12,13

BEST{13 = min .
BEST7 1 Sg)lg
BEST¢ + 57 15




A=1/2—-25—-109—2Z19.TypeESET abnly Java TYPES

best: 1600 ch 0
best: 1296 ch 0
best: 1024 ch 0
best: 729 ch 0
: 576 ch 0
best: 289 ch 0
best: 196 ch 0
best: 100 ch 0
best: 36 ch 0
10 best: 0 ch 0
11 best: 818 ch
12 best: 545 ch
13 best: 452 ch
14 best: 340 ch
15 best: 244 ch
16 best: 164 ch
17 best: 117 ch
18 best: 37 ch 9
19 best: 16 ch 10
20 best: 0 ch 10
21 best: 509 ch 14
22 best: 413 ch 15
23 best: 344 ch 15
24 best: 133 ch 17
25 best: 118 ch 17
26 best: 62 ch 18
27 best: 32 ch 19
28 best: 4 ch 20
29 best: 444 ch 23
30 best: 348 ch 23
31 best: 277 ch 24
32 best: 197 ch 24
33 best: 149 ch 24
34 best: 87 ch 26
35 best: 66 ch 26
36 best: 446 ch 31
37 best: 377 ch 31

38 best: 297 ch 32
29 hecgt:* 23R ch 32
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best:
best:
best:
best:
best:
best:
best:
best:
best:
best:

best:
best:
best:
best:
best:
best:
best:
best:
best:
best:
best:
best:
best:
best:
best:
best:

best:

@ ch
1600
1296
1024
729
576
289
196
100
36 C
0 c
818
545
452
340
244
164
117
37
16
0 c
509
413
344
133
118

62

0

ch @
ch 0
ch 0
ch 0
ch 0
ch @
ch 0
ch 0
h 0
h 0
ch
ch
ch
ch
ch
ch
ch
ch 9
ch 10
h 10
ch 14
ch 15
ch 15
ch 17
ch 17
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ch 18

It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It
It

It

was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was
was

was

the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the
the

the

best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best
best

best

of
of
of
of
of
of
of
of
of
of
of
of
of
of
of
of
of
of
of
of
of

of

times,
times,
times,
times,

times
times
times,

times,
times,
times,
times,
times,
times,
times,
times,
times,
times,
times,
times,

times,

it
it
it

was
was the

nit was the
times, it\nwas the
it\nwas the

it
it
it
it
it
it
it
it
it
it

it

was\nthe
was\nthe

t was the worst
t was the

worst
worst
worst
worst
worst
worst

was the\nworst
was the\nworst
was the worst\nof
was the worst\nof
it\gwas the worst

was\nthe
was\nthe

worst
worst

was the\nworst
was the\nworst

was the\nworst

of
of
of
of
of
of
of
of

of
of
of
of
of

of

times,
times,
times,
times,
times,
times,
times,
times,
times,
times,
times,
times,
times,
times,

times,

it
it
it
it
it
it
it
it
it
it
it
it
it

it

was
was
was
was
was
was
was

the

the age

the age of

the age of wisdom,

the age of wisdom, it
the age of wisdom, it was

was\nthe age of wisdom,

was
was
was
was

was

the\nage of wisdom,
the\nage of wisdom,
the age of\nwisdom,
the age of\nwisdom,

it
it
it
it
it

the age of wisdom,\nit

was
was
was
was
was

was

the
the
the
the
the

the

age
age
age
age

age



// read input

try {
BufferedReader bin = new BufferedReader(new FileReader(args[0]));
Strlng line = bin.readLine();

ords|]..=-line.split(" ");
£ ﬂf¥%ordéim gth

%Eth = Int ger parselnt(args[1]);
it o ; § 2ottt
ort{int 33 f%<=8E&+ I il Length();
il &ns 1¥>%)i nsiil;
§ Tk
} ' ; While%J:=n) { S[i]l[j++] = infty; }
¥



int infty = MxMx2;

// compute S_1ij
int S[][] = new int[n+1] [n+1];
for(int i=1;i<=n;i++) {
S[il[i] = M - lens[il;
for(int j=i+1; j<=n; j++) {
S[il1[j] = S[il[j-1] - lens[j] - 1;
if (S[il[jl<0@) {
while(j<=n) { SI[i]l[j++] = infty; }
}

}

// compute best_0,...,best_n
int best[] = new int[n+1];
int choicel]l = new int[n+1];
best[0] = 0;
for(int i=1;i<=n;i++) {
int min = infty;
int ch = 0;
for(int j=0;j<i;j++) {
int t = best[j] + S[j+11[1i1xS[j+1]1[i];
if (t<min) { min = t; ch = j;}
}
best[i] = min;
choicel[i] = ch;



int infty = MxM%2;

// compute S_ij
int S[][] = new int[n+1] [n+1];
for(int i=1;i<=n;i++) {
S[il1[i] = M - lens[i];
for(int j=i+1; j<=n; j++) {
S[il[j] = S[il[j-1] - lensI[j] - 1;
if (S[il[jl<0) {
while(j<=n) { S[i]l[j++] = infty; }
¥



int infty = MxM%2;

// compute S_ij
int S[][] = new int[n+1] [n+1];
for(int i=1;i<=n;i++) {
S[il1[i] = M - lens[i];
for(int j=i+1; j<=n; j++) {
S[il[j] = S[il[j-1] - lensI[j] - 1;
if (S[il[jl<0) {
while(j<=n) { S[i]l[j++] = infty; }
¥

}

// compute best_0,...,best_n
int best[] = new int[n+1];
int choicel[] = new int[n+1];
best[0] = 0;
for(int i=1;i<=n;i++) {
int min = infty;
int ch = 0;
for(int j=0;j<i;j++) {
int t = best[j] + S[j+11[i1xS[j+1]11[1i];
if (t<min) { min = t; ch = j;}
¥
best[i] = min;
choicel[i] = ch;



// backtrack to output linebreaks

int end = n;

int start = choicelend]+1;

String lines[] = new String[n];

int cnt = 0;

while (end>0) {
StringBuffer buf = new StringBuffer();
for(int j=start; j<=end; j++) {

buf.append(words[j-11 + " ");

I3

lines[cnt++] = buf.toString();
end = start-1;
start = choicelend]+1;
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NORTH CAROLINA
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Precinct

s and Polling Places

|
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Instructions on Finding Your Street:

- Set the Zoom Level to 300%
- Find a Nearby Landmark (e.g. the 250 Bypass

exit you frequently use)

- Zoom in Closer (400% - 500%)
- Follow Familiar Roads until you Find Your Street

© O @ O

Legend
Polling Place

Herman Key Recreation Center
Clark Elementary School

Carver Recreation Center
Walker Upper Elementary School
Benjamin Tonsler Park

Carter Family Life Center
Venable Elementary School
Alumni Hall













gerrymanaer problem

given:

Output:



arrymandaer pronlem
givegm TEWAl, AQ, . EAn n is even

——

Ul S ﬂffw(): o ALt vater W A
output: D].) D2
such that

|D1| = [Dy

ALy Ay

A(DQ) > Trjln

or “failure” if no such solution is possible




—xample



Gerrymander

imagine very last precinct and how it is assigned:




Gerrymander

Sj,k’,w,y —




Gerrymander

S j.k.x,y — thereis a split of first j precincts

in which |D1il=k and % e
x people in D1 vote A '
y people in D2 vote A

SQ’Z\/\J‘(LJ - b")“'fltj—ﬂj .

%/UQ 1\7[\ P(ACfrxé/ \V\) cat
V2

of-

S

[

)1y K _ 0.

P(G\(Q Y\) (\NL“\
V)



Sj7k7x7y — ]_17k_17$_A3,y \/ Sj—l,k,ib,y—Aj

Gerrymander(P A, m)

initialize array ${0,0,0,0]



Sj,k,a:‘,y — -1 k—1,x—A,,y V Sj l,k,x,y—A;
Gerrymander(PA,mM)

initialize array S[0,0,0,0]
for j=1,...,n
for k=1,...,]
for x=0,...,Jm
for y=0,...,m

fill table according to equation

search for true entry at SIn,n/2, >mn/4, >mn/4]



