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connecting houses
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connecting houses
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definition: path

a seqguence of nodes V1, V2, ..., Uk
with the property that (vi, vig1) € B

Simple path: &)m)ﬂ» M J\/jOKA Cwb J ¢ 0 CO UL ofw«ﬂT
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definition:tree

connected graph: G SUL\A AL ](Df M?{ u V€ \/] J(\\o/e xSy a 6&%
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what we want:
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mIiNnimMum spanning tree

looking for a set of edges that " € I
(@) connects all vertices
(b) has the least cost

min Z wM




looking for a set of edges thatl’ € &
(a) connects all vertices
(o) has the least cost

min Z w(u, v)
facts

how many edges does solution have ? —~ \]“‘T

—

does solution have a cycle”?

/
_

—

]Vo Qjc\w M s Ul §z>\fm>/\

k/ (iq\\ e&f}[L L/JQTﬁ\/"JU > P>

a—




strateqgy [ goskaL's Al e

start with an empty set of edges A

repeat for v-1 times:
add lightest edge that does not create a cycle
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why does this work"?

1 T« 10

2 repeat V — 1 times:

3 add to 1 the lightest edge e € E that does not create a cycle
ﬁ% .




definition: cut
CUJV: ({?&I+°"\f*ﬂ Djj 4l dUJf?ch ‘Wy\o ) sels

(S,V-5),



example of a cut
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definition: crossing a cut
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definition: crossing a cut

an edge e = (u,v) crosses a graph cut (S,V-S) if
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example of a crossing
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definition: respect
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cut theorem muw e Benlo 1
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cut theorem

suppose the set of edgeSA IS part of an m.s.t. T MC 5@\/\/‘ (3 ~ CV/ 5)
let (S,V —S) be any cut that respects A .

let edge e be the min-weight edge across (S,V —S)

then: AU1e} is part of an m.s.t. a‘j -



example of theorem
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Theorem 2 Suppose the set of edges A is part of a mznzmum spanning tree of G =
(V,E). Let (S,V — S) be any cut that respects A and let e be the edge with the minimum

weight that crosses (S,V — S). Then the set AU {e} is part of a minimm spanning tree. ac 3T of C«?
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KRUSKAL-PSEUDOCODE(G)

1 A0
2 repeat V — 1 times:

correctness

3 add to A the lightest edge e € E that does not create a cycle
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KRUSKAL-PSEUDOCODE(G)

Laco - COIrectNEess

2 repeat V — 1 times:
3 add to A the lightest edge e € E that does not create a cycle

‘_’—-l-‘

oroof: by induction. in step 1, A is part of some MST.
suppose that after k steps, A is part of some MST (line 2).
N line 3, We add an edge e=(u, v ) to A
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3 cases for edge e.
Case 1: e=(u,v) and both u,v are in A.




3 cases for edge e.
Case 2: ez@/,_t/) and only u is in A.
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3 cases for edge e.
Case 3: e=(u,v) and neither u nor v are in A.



3 cases for edge €
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analysis?

KRUSKAL-PSEUDOCODE(()
1 A0

2 repeat V — 1 times:
3 add to A the lightest edge e € E @reme @
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GENERAL-MST-STRATEGY(G = (V, F))

1
2
3
4
5

A— 10
repeat V — 1 times:
Pick a cut (S,V — 9) that respects A \/(t/US k“’( 1S
Let e be min-weight edge over cut (S,V — 5)
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Prim’s algorithm

GENERAL-MST-STRATEGY(G = (V, F))

1 A«
2 repeat V — 1 times:
3 Pick a cut (S,V — 9) that respects A

4 Let e be min-weight edge over cut (S,V — 5)
5! A — AU{e}

A IS a subtree
it 7 )

edge e Is lightest edge that grows the subtree

DS



















mplementation
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mplementation



new data structure
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pbinary heap

full tree, key value <= to key of children



pbinary heap .

full tree, kely_@lue <= 10 key of children

()(—?af% iw{ﬂg y@jﬁf f%fuf}ud)




pbinary heap

full tree, key value <= to key of children
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pbinary heap

full tree, key value <= to key of children




pbinary heap

full tree, key value <= to key of children
how to extractmin®




pbinary heap

full tree, key value <= to key of children
how to extractmin® @




pbinary heap

full tree, key value <= to key of children
how to extractmin®




pbinary heap
full tree, key value <= to key of children

now to extractmin®?

Nnow to decreasekey?

.




pbinary heap

full tree, key value <= to key of children
now to extractmin®?

Nnow to decreasekey?




mplementation

use a priority queue to keep track of light edges

nsert: — @7 ()

makequeue:

extractmin: - f oj(,\)

decreasekey: _ - Q/D; (/\)
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mplementation

PRIM(G = (V, E))

Q«—0 > @Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL

1
2
3 Pick a starting node_r and set kK, <— 0 B
—— 4 Insert all nodes into ) with key k.

fS while Q # 0
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u

10 DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)

S — —




orim

PRIM(G = (V, F))

1
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10

Q«—0 > Q isa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # ()
O u «— EXTRACT-MIN(Q)
for each v € Adj(u)
do if 7=6=and w(u,v) < ky
then 7, — u
DECREASE-KEY(Q, v, w(u, v))

> Sets ky «— w(u,v)



orim

PRIM(G = (V, F))

1

4
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Q«—0 > Q isa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then m, — u

DECREASE-KEY(Q, v, w(u,v))

> Sets ky «— w(u,v)



orim

PRIM(G = (V, F))

1
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Q«—0 > Q isa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u
DECREASE-KEY(Q, v, w(u, v))

> Sets ky «— w(u,v)



orim

PRIM(G = (V, E

1
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Q«—0 > Q isa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u
DECREASE-KEY(Q, v, w(u, v))
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> Sets ky «— w(u,v)



orim

PRIM(G = (V, F))

1
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Q«—0 > Q isa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u
DECREASE-KEY(Q, v, w(u, v))

> Sets ky «— w(u,v)



orim

PRIM(G = (V, F))

1
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Q«—0 > Q isa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u
DECREASE-KEY(Q, v, w(u,v))

> Sets ky «— w(u,v)



running time
PRIM(G = (V, F))

Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,.
while Q # ()
do u «— EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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mplementation
PRIM(G = (V, F))

Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,.
while Q # ()
do u «— EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)

e

S © 00 O T i W o

pd

O(VlogV + ElogV) =0O(Elog V)



mplementation

use a priority queue to keep track of light edges

priority queue

insert: O(log n)
Mmakequeue; N
extractmin; O(log n)

decreasekey: O(log n)

floonacci heap
log n
N

log n

O(1)

amortized

amortized



faster Implementation

PRIM(G = (V, F))

Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,.
while Q # ()
do u «— EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)

O(E+ ViogV

e

S © 00 O T i W o

pd



research In mst

fredman-tarjan 84:
gabow-galil-spencer-tarjan 86:
chazelle 97

chazelle 00

pettie-ramachandran 02:

karger-klein-tarjan 95:
(randomized)

euclidean mst:

E+VlogV

Elog(log™ V)
Ex(V)loga(V)
Ea(V)

(optimal)

VlogV



ackerman functlon

n+1
Almn) =< A(m—1,1) m>0 n=>0
Am—1,Aim,n—1)) mn>0

A(4,2) =



inverse ackerman



application of mst



application of mst




application of mst



