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ST JAMES CIR
STADIUM RD
STEEPHILL ST
STEWART CIR

7E, 7F
5E
6G, 7G
4H
9E
9D
6B
6F
7D
4H
5D
1H
6E
7G
3I
5E, 5F
4F
2H
4H
6I, 7I
7H, 7I
3I
2H
5I
6H
6I
4C
6G
5H, 5I
6F
9E
9F
8F
9H
8G
9H
9H
7I
2H
7F
6H
6E
4H
6I
4G
5I
6E, 6F
5F
4E
3F
6I
5I
4H
5E
5D
4E
4F
5G
6E
7G
3F
2H
4F
5B, 5C
5B
4J
3H
3J
4B
8E
6E
8H
4I
8E
7I
6G
4D
3F
4G, 4H
7H
6C
8E, 8F
8F
8F
9E
8F
8F
2G
9H
4E

STEWART ST
STONEFIELD LN
STONEHENGE AVE
STRATFORD CT
STRIBLING AVE
SUMMIT ST
SUNSET AVE
SUNSET RD
SWANSON DR
SWIFT LN
SYCAMORE ST
TARLETON DR
TAYLOR ST
THOMAS DR
THOMSON RD
TODD AVE
TRAILRIDGE RD
TRIPPER CT
TROOST CT
TUFTON AVE
TUNLAW PL
TWYMAN RD
U S 29 N
U S 29/250 BYPASS
UNIVERSITY AVE
UNIVERSITY CIR
UNIVERSITY CT
UNIVERSITY MANOR
UNIVERSITY PL
UNIVERSITY WAY
VALLEY CIR
VALLEY RD
VALLEY RD EXT
VALLEY VIEW CIR
VETERANS MEMORIAL
VILLAGE CT
VILLAGE RD
VINE ST
VIRGINIA AVE
W HIGH ST
W JEFFERSON ST
W MAIN ST
W MARKET ST
W ROSSER AVE
W SOUTH ST
W WATER ST
WALKER SQU
WALKER ST
WALNUT ST
WARD AVE
WARE ST
WARREN LN
WASHINGTON AVE
WATER ST
WATSON AVE
WAYNE AVE
WAYSIDE PL
WELK PL
WELLFORD ST
WERTLAND ST
WEST ST
WESTERLY AVE
WESTVIEW RD
WESTWOOD CIR
WESTWOOD RD
WHITEHEAD RD
WILDER DR
WILLARD DR
WILLOW DR
WILSON CT
WINE CELLAR CIR
WINE ST
WINSTON RD
WINSTON TER
WISE ST
WOODFOLK DR
WOODLAND DR
YORKTOWN DR
ZAN RD

8G
5E
6I
3H
2H
2H
2I
2I
5C
9F
7G
8B
7G
3H
2F, 3F
2H
3H
6F
2I
7H
4E
2F
6A
2D, 3D
3F, 4F
3E, 4E
4F
4H
3E, 4E
4F
3G
3G
3H
8G
6E, 7E
3I
3I, 4I
8I
4F
6G
6G
5G,6G
6G
4E
6G
6G
5G
6G
7H
8G
6H
6C
2H
6G
7F
4C
4E
3I
5E
4G
5F
1H
4D, 4E
6E
5E, 6E
2G
7E
3I
8G
7B
6F
7F
4E
4E
3D, 4D
5I
3I
6B
5B

5G,4G
7G
5G
4G
7G
4F
4G
4G
7H
4G
8H, 8G
4F, 4G
4F, 4G
4F
8H
4F
4F
8H
6G
6G
6D, 7E
6G
6G
6G, 6H
6G
6G
6G
6G
5G, 6G
6G
5G
6G
5G
6G
5H, 5G
5H, 5G
6G
5G
6H, 6I
5G, 5H
5G, 5H
7G
5G
5G
7G
5G
7G
7G
5F, 5G
4G, 5G, 4H
4F
8E
6F, 5G
2F,2G
3I
6F
6F
6G
6G
6I
6E
5E, 6E
5F
4C
4I
4I
2H
8G
3D, 3E
8E
6E
6H, 6I
2J
4I
7H
3H, 4H
8C
5E
5H
4D
5I
5I
8E

10 1/2 ST NW
10TH ST NE
10TH ST NW
10TH ST SW
11TH ST NE
11TH ST NW
11TH ST SW
12 1/2 ST NW
12TH ST NE
12TH ST NW
13TH ST NE
13TH ST NW
14TH ST NW
15TH ST NW
16TH ST NE
16TH ST NW
17TH ST NW
18TH ST NE
1ST ST N
1ST ST S
250 BYPASS
2ND ST NE
2ND ST NW
2ND ST SE
2ND ST SW
3RD ST NE
3RD ST SE
4TH ST NE
4TH ST NW
4TH ST SE
4TH ST SW
5TH ST NE
5TH ST NW
5TH ST SE
5TH ST SW
6 1/2 ST SW
6TH ST NE
6TH ST NW
6TH ST SE
6TH ST SW
7 1/2 ST SW
7TH ST NE
7TH ST NW
7TH ST SW
8TH ST NE
8TH ST NW
9 1/2 ST NE
9TH ST NE
9TH ST NW
9TH ST SW
ACKLEY LN
AGNESE ST
ALBEMARLE ST
ALDERMAN RD
ALLEN DR
ALLIED LN
ALLIED ST
ALTAMONT CIR
ALTAMONT ST
ALTAVISTA AVE
AMHERST COM
AMHERST ST
ANDERSON ST
ANGUS RD
ANTOINETTE AVE
ANTOINETTE CT
APPLETREE RD
ARBOR CIR
ARLINGTON BLVD
ASHBY PL
AUGUSTA ST
AVON ST
AZALEA DR
BAILEY RD
BAINBRIDGE ST
BAKER ST
BANBURY ST
BARBOUR DR
BARKSDALE ST
BARRACKS RD
BAYLOR LN
BAYLOR PL
BEECHWOOD DR

BELLEVIEW AVE
BELLEVIEW ST
BELMONT AVE
BELMONT PK
BENT CREEK RD
BERRING ST
BING LN
BIRDWOOD CT
BIRDWOOD RD
BLAND CIR
BLENHEIM AVE
BLINCOE LN
BLUE RIDGE RD
BOLLING AVE
BOLLINGWOOD RD
BONNY CASTLE DR
BOOKER ST
BRANDON AVE
BRANDYWINE CT
BRANDYWINE DR
BRIARCLIFF AVE
BROAD AVE
BROOKWOOD DR
BROWN ST
BRUCE AVE
BRUNSWICK RD
BUCKINGHAM RD
BUNKER HILL DR
BURGESS LN
BURNET ST
BURNLEY AVE
CABELL AVE
CALHOUN ST
CAMBRIDGE CIR
CAMELLIA DR
CAMERON LN
CARGIL LN
CARLTON AVE
CARLTON RD
CAROLINE AVE
CARROLLTON TER
CARRS HILL RD
CARTER LN
CASTALIA ST
CEDAR HILL RD
CEDARS CT
CENTER AVE
CHANCELLOR ST
CHARLTON AVE
CHELSEA DR
CHERRY AVE
CHERRY ST
CHESAPEAKE ST
CHESTNUT ST
CHISHOLM PL
CHURCH ST
CLARKE CT
CLEVELAND AVE
CLYDE ST
COLEMAN CT
COLEMAN ST
COMMERCE ST
CONCORD AVE
CONCORD DR
COTTAGE LN
COTTONWOOD RD
COURT SQ
CREAM ST
CRESAP RD
CRESTMONT AVE
CRISPELL DR
CULBRETH RD
CUTLER LN
CYNTHIANNA AVE
DAIRY RD
DALE AVE
DAVID TER
DAVIS AVE
DEL MAR DR
DELEVAN ST
DELL LN
DELLMEAD LN
DENICE LN
DICE ST
DOUGLAS AVE
DRUID AVE
DUBLIN RD

8F
2I, 2J
6H, 7H
6I
4J
5H
3I
6E
6E
9E
6H
6I
4D, 5D
6H
2F, 3F
3G
5F
3G
5C
5C, 6C
4H
3H
5I
5G
5D
2I
4E
7C
8H
5H
4E
4E, 5E
8F
5D
3J
3F
7F
7H
7H
8G
3H
3F
7C
6I, 7I
4C
4C
3H
4F
5F
3G
5G, 5H
7H
8H
7H
8H
6H
2H
2I, 3I
7I
9F
8F, 9F
5G
6F
6D
4E
8E
6G
5G
3F
3I
4G
3F
7E
6F
5D
5F
3H
7F
6D
5G
8E
4C
7B
5G
7H
6I, 7I
3I, 4I

®



graphs 
clrs [ch 22]



w(e):



G = (V,E)
representation

adjacency list

space:
time list neighbors:
time check an edge:



representation
adjacency matrix

space:
time list neighbors:
time check an edge:

G = (V,E)



definition: path
a sequence of nodes 
with the property that 

simple path:

cycle:

v1, v2, . . . , vk
(vi, vi+1) 2 E for all i=1,..,k-1



definition:tree

a tree is 

connected graph:



G=(V,E,w)
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minimum spanning tree

min
�

(u,v)�T

w(u, v)

T � Elooking for a set of edges that 
(a) connects all vertices 
(b) has the least cost



minimum spanning tree

min
�

(u,v)�T

w(u, v)

T � Elooking for a set of edges that 
(a) connects all vertices 
(b) has the least cost

how many edges does solution have ?

does solution have a cycle?



strategy

 add lightest edge that does not create a cycle

start with an empty set of edges A

repeat for v-1 times: 
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Kruskal’s algorithm
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1 T ⇥ ⌅
2 repeat V � 1 times:
3 add to T the lightest edge e ⇤ E that does not create a cycle

4

why does this work?



definition: cut



example of a cut
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example of a cut
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definition: crossing a cut



u � S v ⇥ V � S

definition: crossing a cut
an edge                   crosses a graph cut (S,V-S) ife = (u, v)
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example of a crossing
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definition: respect



Cut theorem



Let edge     be the min-weight edge across     
Let                   be any cut that respects    .

A

Cut theorem

Suppose the set of edges      is part of an m.s.t.
(S, V ⇤ S) A

(S, V ⇤ S)e

A � {e}Then: is part of an m.s.t.



example of theorem
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proof of cut theorem

1 Minimum Spanning Tree Algorithm

Kruskal-pseudocode(G)
1 A ⌅ �
2 repeat V � 1 times:
3 add to A the lightest edge e ⌃ E that does not create a cycle

Theorem 2 Suppose the set of edges A is part of a minimum spanning tree of G =
(V, E). Let (S, V � S) be any cut that respects A and let e be the edge with the minimum
weight that crosses (S, V � S). Then the set A� {e} is part of a minimum spanning tree.

Proof. By assumption, A ⇥ T for some minimum spanning tree T of G.
Case 1 If A � {e} ⇥ T, then the theorem is true already.
Case 2 Suppose A � {e} ⌥⇥ T. Let e = (u, v). We shall construct a new tree T⇧ that
contains A � {e} by changing only a few edges of T. First, draw a picture of the
situation:

Now consider adding edge e to T. This creates a cycle from u to v to u. (why?)
Let e⇧ ⌥= e be the edge on this cycle that crosses (S, V � S). (why must such an

edge e⇧ exist?)
Let T⇧ = T � {e⇧} + {e}. Since T⇧ has V � 1 edges (why?) and since T⇧ is

connected, then T⇧ is also a spanning tree. Now we shall argue that T⇧ is also a
minimum spanning tree. This follows because:

w(T⇧) = w(T) + w(e)� w(e⇧)

Since w(e) ⇤ w(e⇧) (why?), it follows that w(T⇧) ⇤ w(T). Since T is a minimum
spanning tree, this means that the relation must be equality, and therefore T⇧ is
also a minimum spanning tree. �

4
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1 Minimum Spanning Tree Algorithm

Kruskal-pseudocode(G)
1 A ⌅ ⌥
2 repeat V � 1 times:
3 add to A the lightest edge e ⇧ E that does not create a cycle

Theorem 2 Suppose the set of edges A is part of a minimum spanning tree of
G = (V,E). Let (S, V � S) be any cut that respects A and let e be the edge with the
minimum weight that crosses (S, V �S). Then the set A�{e} is part of a minimum
spanning tree.

Proof. By assumption, A ⇥ T for some minimum spanning tree T of G.
Case 1 If A � {e} ⇥ T , then the theorem is true already.
Case 2 Suppose A� {e} ⌃⇥ T . Let e = (u, v). We shall construct a new tree T � that
contains A � {e} by changing only a few edges of T . First, draw a picture of the
situation:

Now consider adding edge e to T . This creates a cycle from u to v to u. (why?)
Let e� ⌃= e be the edge on this cycle that crosses (S, V � S). (why must such an

edge e� exist?)
Let T � = T � {e�} + {e}. Since T � has V � 1 edges (why?) and since T � is

connected, then T � is also a spanning tree. Now we shall argue that T � is also a
minimum spanning tree. This follows because:

w(T �) = w(T ) + w(e)� w(e�)

Since w(e) ⇤ w(e�) (why?), it follows that w(T �) ⇤ w(T ). Since T is a minimum
spanning tree, this means that the relation must be equality, and therefore T � is also
a minimum spanning tree. �

4

 correctness



1 Minimum Spanning Tree Algorithm

Kruskal-pseudocode(G)
1 A ⌅ ⌥
2 repeat V � 1 times:
3 add to A the lightest edge e ⇧ E that does not create a cycle

Theorem 2 Suppose the set of edges A is part of a minimum spanning tree of
G = (V,E). Let (S, V � S) be any cut that respects A and let e be the edge with the
minimum weight that crosses (S, V �S). Then the set A�{e} is part of a minimum
spanning tree.

Proof. By assumption, A ⇥ T for some minimum spanning tree T of G.
Case 1 If A � {e} ⇥ T , then the theorem is true already.
Case 2 Suppose A� {e} ⌃⇥ T . Let e = (u, v). We shall construct a new tree T � that
contains A � {e} by changing only a few edges of T . First, draw a picture of the
situation:

Now consider adding edge e to T . This creates a cycle from u to v to u. (why?)
Let e� ⌃= e be the edge on this cycle that crosses (S, V � S). (why must such an

edge e� exist?)
Let T � = T � {e�} + {e}. Since T � has V � 1 edges (why?) and since T � is

connected, then T � is also a spanning tree. Now we shall argue that T � is also a
minimum spanning tree. This follows because:

w(T �) = w(T ) + w(e)� w(e�)

Since w(e) ⇤ w(e�) (why?), it follows that w(T �) ⇤ w(T ). Since T is a minimum
spanning tree, this means that the relation must be equality, and therefore T � is also
a minimum spanning tree. �

4

 correctness

Proof: by induction. in step 1, A is part of some MST. 
Suppose that after k steps, A is part of some MST (line 2). 
In line 3, we add an edge e=(u,v). 



3 cases for edge e.  
Case 1: e=(u,v) and both u,v are in A.



3 cases for edge e.  
Case 2: e=(u,v) and only u is in A.



3 cases for edge e.  
Case 3: e=(u,v) and neither u nor v are in A.



analysis?1 Minimum Spanning Tree Algorithm

Kruskal-pseudocode(G)
1 A ⌅ ⌥
2 repeat V � 1 times:
3 add to A the lightest edge e ⇧ E that does not create a cycle

Theorem 2 Suppose the set of edges A is part of a minimum spanning tree of
G = (V,E). Let (S, V � S) be any cut that respects A and let e be the edge with the
minimum weight that crosses (S, V �S). Then the set A�{e} is part of a minimum
spanning tree.

Proof. By assumption, A ⇥ T for some minimum spanning tree T of G.
Case 1 If A � {e} ⇥ T , then the theorem is true already.
Case 2 Suppose A� {e} ⌃⇥ T . Let e = (u, v). We shall construct a new tree T � that
contains A � {e} by changing only a few edges of T . First, draw a picture of the
situation:

Now consider adding edge e to T . This creates a cycle from u to v to u. (why?)
Let e� ⌃= e be the edge on this cycle that crosses (S, V � S). (why must such an

edge e� exist?)
Let T � = T � {e�} + {e}. Since T � has V � 1 edges (why?) and since T � is

connected, then T � is also a spanning tree. Now we shall argue that T � is also a
minimum spanning tree. This follows because:

w(T �) = w(T ) + w(e)� w(e�)

Since w(e) ⇤ w(e�) (why?), it follows that w(T �) ⇤ w(T ). Since T is a minimum
spanning tree, this means that the relation must be equality, and therefore T � is also
a minimum spanning tree. �

4



General-MST-Strategy(G = (V,E))
1 A ⇥ ⇤
2 repeat V � 1 times:
3 Pick a cut (S, V � S) that respects A
4 Let e be min-weight edge over cut (S, V � S)
5 A ⇥ A ⌅ {e}

6



Prim’s algorithm
General-MST-Strategy(G = (V,E))
1 A ⇥ ⇤
2 repeat V � 1 times:
3 Pick a cut (S, V � S) that respects A
4 Let e be min-weight edge over cut (S, V � S)
5 A ⇥ A ⌅ {e}

6

A is a subtree 
edge e is lightest edge that grows the subtree
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implementation

idea:



implementation



new data structure



binary heap
full tree, key value <= to key of children



binary heap
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full tree, key value <= to key of children
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full tree, key value <= to key of children
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full tree, key value <= to key of children
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binary heap
full tree, key value <= to key of children

3

10

5

11

13

6 9

23 44

how to extractmin?
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binary heap
full tree, key value <= to key of children
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8

binary heap
full tree, key value <= to key of children

2410
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how to extractmin?
how to decreasekey?
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binary heap
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full tree, key value <= to key of children
how to extractmin?
how to decreasekey?



implementation
use a priority queue to keep track of light edges

makequeue:
insert:

extractmin:
decreasekey:



Prim’s algorithm



prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)

6

implementation
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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1
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)

6



running time
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)

6



O(V log V + E log V) = O(E log V)

implementation
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)

6



implementation

use a priority queue to keep track of light edges

makequeue:
insert:

extractmin:
decreasekey:

priority queue fibonacci heap
O(log n) 

O(log n )
O(log n )

n 
log n 

log n 
O(1)

n 
amortized

amortized



O(E + V log V)

faster implementation
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)

6



E + V log V

E log(log� V)

E�(V)

E

E�(V) log �(V)

V log V

Research in mst

FREDMAN-TARJAN 84:
GABOW-GALIL-SPENCER-TARJAN 86:
CHAZELLE 97
CHAZELLE 00
PETTIE-RAMACHANDRAN 02:
KARGER-KLEIN-TARJAN 95:

(randomized)

(optimal)

Euclidean mst:



A(m, n) =

�
⇤

⇥

n + 1 m = 0
A(m� 1, 1) m > 0, n = 0
A(m� 1, A(m, n� 1)) m, n > 0

A(4, 2) =

Ackerman function



�(n) =

inverse ackerman



application of mst



application of mst



application of mst


