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MST



mIiNnimMum spanning tree

looking for a set of edges that?' € &
(a) connects all vertices " Uiree
(b) has the least cost




oxample of a cut
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definition: crossing a cut

an edge e = (u,v) crosses a graph cut (S,V-S) if

uS veV -5 @)j)




definition: respect




cut theorem

suppose the set of edges A IS part of an m.s.t. pf graph G

let (S,V —S) be any cut that respects A .

let edge e be the min-weight edge across (S,V —S)
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then: A U{e} is part of an m.s.t.
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GENERAL-MST-STRATEGY(G = (V, F))

1
2
3
4
5

A0
repeat V — 1 times:
Pick a cut (S,V — 5) that respects A

Let e be min-weight edge over cut (S,V — 5)

A%AU{e}
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Prim’s algorithm

GENERAL-MST-STRATEGY(G = (V, F))

1 A«

2 repeat V — 1 times:

3 Pick a cut (S,V — S) that respects A
4 Let e be min-weight edge over cut (S,V — 5)
5! A — AU{e} |

A'is a subtree S=A
ec ge e Is lightest edge that grows the subtree
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mplementation

GENERAL-MST-STRATEGY(G = (V, F))

1 A«

2 repeat V — 1 times:

3 Pick a cut (S,V — S) that respects A

4 Let e be min-weight edge over cut (S,V — S)
5!

A— AU{e}
YA SoA
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mplementation

use a priority queue to keep track of light edges

insert:( v, Vw)
Makeaueue;

extractmin:

decreasekey:
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mplementation
PRIM(G = (V, F))

Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,.
while Q # ()
do u «— EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q,v,ﬂu,v ) > Sets ky «— w(u,v)
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orim N

PRIM(G = (V, F))

1 Q<0 > Qisa Priority Queue

2 Initialize each v € V with key k, < oo, m, « NIL

3 Pick a starting node r and set k, < 0
Insert all nodes into () with key k,,.
while Q # ()

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
doif 7€ Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets ky, < w(u,v)
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orim

PRIM(G = (V, F))

1 Q<0 > Qisa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,,.
while Q # ()

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u

10 DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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orim

PRIM(G = (V, F))

1 Q<0 > Qisa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,,.
while Q # ()

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u

10 DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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orim

PRIM(G = (V, E
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Q«—0 > Q isa Priority Queue

Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k, «+— 0 ~—
Insert all nodes into ) with key k.

while Q # ()

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u
DECREASE-KEY(Q, v, w(u,v))
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> Sets ky «— w(u,v)



orim

PRIM(G = (V, F))

1 Q<0 > Qisa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into ) with key k.
while Q # (

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < ky
then 7, «— u

10 DmE—KEY(Q,U,w(u,v)) > Sets ky «— w(u,v)
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orim

PRIM(G = (V, F))

1 Q<0 > Qisa Priority Queue
Initialize each v € V with key k, < oo, m, « NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,,.
while Q # ()

do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € @ and w(u,v) < ky
then 7, «— u

10 DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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running time
PRIM(G = (V, F))

Q<—0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, + NIL " @ C \/

Pick a starting node r and set &k, < 0
Insert all nodes into () with key k.

Q.-lkwl\br—\

(for each v € Adj(u)

@»if@é@amdw(u,v)<kv 5 ()

then 7, «<— u
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DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v) = @ CE . \
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while Q # () ,
e@)yﬁ— EXTRACT-MIN(Q)- > @ C \/ \bj y




mplementation
PRIM(G = (V, F))

Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,.
while Q # ()
do u «— EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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O(VlogV + ElogV) =0O(Elog V)



mplementation

use a priority queue to keep track of light edges

priority queue

insert: Of(log n)
Mmakequeue; N
extractmin: O(log n)

e

decreasekey: O(log n)
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floonacci heap

log n

amortized

amortized



faster Implementation

PRIM(G = (V, F))
Q«— 0 > Qisa Priority Queue
Initialize each v € V' with key k, < oo, m, «+ NIL
Pick a starting node r and set k. < 0
Insert all nodes into () with key k,.
while Q # ()
do u «+ EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < k,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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research In mst

fredman-tarjan 84: E+ViogV
gabow-galil-spencer-tarjan 86: Elog(log™ V)
chazelle 97 Ea(V)loga(V)
chazelle 00 Ex(V)
pettie-ramachandran 02: (optimal)
karger-klein-tarjan 95;: E
— (randomized) =

R ——

euclidean mst: ViogV
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application of mst




application of mst




SIMPLE QUESTIONS ON GRAPHS

WHAT IS THE LENGTH OF THE PATH FROM A TO E?






DEFINITION:

SHORTEST PATH PROPERTY
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DIUKSTRA(G = (V, E), s)

1 forallveV

2 do d, «+—

3 T, < NIL

4 dg <« 0

5 @ < MAKEQUEUE(V) > use d, as key

6 while Q # ()

7 do u +— EXTRACTMIN(Q)

8 for each v € Adj(u)

9 do if d, > d, + w(u,v)
10 then d, «— d, + w(u,v)
11 Ty <— U
12 DECREASEKEY (Q, v)



DUKSTRA(G = (V, E), s)

PRIM(G = (V, E))

1 forallveV
9 do d,, «— 0o 1 Q0 > @Qisa Priority Queue
3 T, « NIL 2 Initialize each v € V' with key k, «+— oo, m, « NIL
4 dg— 0 3 Pick a starting node r and set k. < 0
5 @ < MAKEQUEUE(V) > use d, as key 4 Insert all nodes into ) with key k.
6 while Q # 0 5 while @ # ()
7 do u < EXTRACTMIN(Q) 6 do u + EXTRACT-MIN(Q)
8 for each v € Adj(u) 7 for each v € Adj(u)
9 do if dPMv) 8 do if v € Q and w(u,v) < k,
10 then d, «— d, + w(u,v) 9 then 7, «— u
11 Ty — G 10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky «— w(
12 DECREASEKEY (Q, v)



RUNNING TIME

DIKSTRA(G = (V, E), s)

for all v eV
do d, < oo

Ty < NIL
ds < 0
() «— MAKEQUEUE(V) > use d, as key
while ) # ()
do u «— EXTRACTMIN(Q)
for each v € Adj(u)
do if d, > d, + w(u,v)
then d, «— d, + w(u,v)
Ty < U
DECREASEKEY((Q), v)
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WHY DOES DIJKSTRA WORK?

TRIANGLE INEQUALITY: V(u,Vv) € E, ?(S,v) < &(s,u) +w(u,v) /\
Y

S
UPPER BOUND: @ > (s, V)




BREADTH FIRST SEARCH
INPUT: G _ (V7 E)’ S

OUTPUT:



BREADTH FIRST SEARCH
INPUT: G _ (V7 E)’ S

OUIPUTL: YVoeV  d, =0d(s,v)
SMALLEST # OF EDGES FROM S TO V



BREADTH-FIRST SEARCH




BREADTH-FIRST SEARCH




BREADTH-FIRST SEAR
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BREADTH FIRST SEARCH
INPUT: G _ (V7 E)’ S

OUTPUT: SMALLEST # OF EDGES FROM S TO V YveV
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BES((5, A)

&

< M A O "\ = O T




T O T =B O O w >



BFS(@, A)



BREADTH FIRST SEARCH

BES(V, E, )
for eachu € V — {s}
do d[u] <« o
dls} < 0
Q<0
ENQUEUE(Q, s)
while Q # ()
do u < DEQUEUE(Q)
for each v € Adju]
do if d[v] = o
then d[v] < d[u] + 1
ENQUEUE(Q, v)



BFS THEOREM



BES(V, E,s)

foreachu € V — {s}
do d[u] < o©
d[s] < O
Q <«
ENQUEUE(Q, s)
while O #
do u < DEQUEUE(Q)
for each v € Adju]
do if d[v] = o©
then d[v] < d[u] + 1
ENQUEUE(Q, v)

DUKSTRA(G = (V, E), s)

O O O i Wi+

—_ = =
o = OO

for allveV
do d, « o
Ty <— NIL
ds — 0
() — MAKEQUEUE(V) D use d, as key
while @ # ()
do u «— EXTRACTMIN(Q)
for each v € Adj(u)
do if d, > d,, + w(u,v)
then d, «— d, + w(u,v)
Ty < U
DECREASEKEY (Q, v)















SHORTEST PATHS
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