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Min Span Trees,
Shortest paths



MST



minimum spanning tree

min
�

(u,v)�T

w(u, v)

T � Elooking for a set of edges that
(a) connects all vertices
(b) has the least cost



example of a cut
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u � S v ⇥ V � S

definition: crossing a cut

an edge                   crosses a graph cut (S,V-S) ife = (u, v)
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definition: respect



A

cut theorem
suppose the set of edges      is part of an m.s.t. of graph G

(S, V ⇤ S) Alet                   be any cut that respects    .

(S, V ⇤ S)let edge     be the min-weight edge across     e

A � {e}then: is part of an m.s.t.
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General-MST-Strategy(G = (V,E))
1 A ⇥ ⇤
2 repeat V � 1 times:
3 Pick a cut (S, V � S) that respects A
4 Let e be min-weight edge over cut (S, V � S)
5 A ⇥ A ⌅ {e}
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Prim’s algorithm
General-MST-Strategy(G = (V,E))
1 A ⇥ ⇤
2 repeat V � 1 times:
3 Pick a cut (S, V � S) that respects A
4 Let e be min-weight edge over cut (S, V � S)
5 A ⇥ A ⌅ {e}

6

A is a subtree 
edge e is lightest edge that grows the subtree
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implementation

idea:

General-MST-Strategy(G = (V,E))
1 A ⇥ ⇤
2 repeat V � 1 times:
3 Pick a cut (S, V � S) that respects A
4 Let e be min-weight edge over cut (S, V � S)
5 A ⇥ A ⌅ {e}
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implementation

use a priority queue to keep track of light edges

makequeue:
insert:

extractmin:

decreasekey:
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algorithm



prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)

6
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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running time
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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O(V log V + E log V) = O(E log V)

implementation
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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implementation
use a priority queue to keep track of light edges

makequeue:
insert:

extractmin:

decreasekey:

priority queue fibonacci heap
O(log n) 

O(log n )

O(log n )

n 
log n 

log n 

O(1)

n 
amortized

amortized



O(E + V log V)

faster implementation
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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E + V log V

E log(log� V)

E�(V)

E

E�(V) log �(V)

V log V

research in mst

fredman-tarjan 84:
gabow-galil-spencer-tarjan 86:
chazelle 97
chazelle 00

pettie-ramachandran 02:

karger-klein-tarjan 95:
(randomized)

(optimal)

euclidean mst:



application of mst



application of mst



simple questions on graphs

what is the length of the path from a to e?





shortest path property
definition:
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algorithm



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .
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why does dijkstra work?
⇤(u, v) ⇥ E, �(s, v) � �(s, u) + w(u, v)

dv � �(s, v)

triangle inequality: 

upper bound:



breadth first search
input:
output:



breadth first search
input:
output:

smallest # of edges from s to v
dv = �(s, v)



breadth-first search



breadth-first search



breadth-first search



breadth first search
input:
output: smallest # of edges from s to v
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breadth first search



bfs theorem
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