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MST question

what is a graph cut?

what does it mean for a set A to respect a cut S?

what does the cut theorem say?
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we want:

looking for a set of edges tha@ C E
(a) connects all vertices o
(b) has the least cost min ) w(u,v)
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MiINIMUM spanning tree

looking for a set of edges that 7" C F
(a) connects all vertices
(b) has the least cost min »  w(u,v)

(u,v)eT



miNIMUM spanning tree

looking for a set of edges that 7" C F
(a) connects all vertices
(b) has the least cost min ) w(u,v)

(u,v)eT

how many edges does solution have 7 \/ ”,/L

does solution have a cycle”?
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strategy

start with an empty set of edges A

repeat for v-1 times:
add lightest edge that does not create a cycle




<ruskal's algorthm
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whny does this work’?

1 T+ 0
2 repeat V — 1 times:
3 add to T the lightest edge e € E that does not create a cycle



definition: cut.

CoT & & fapTiT §6 D”J/’L G = Cue)

fo sds ) weten (91U



example of a cut

g
2

9 )
11




definition: crossing a cut
))C (SN/S) 4 e uﬁ/ len ta@% Z = (u,k)
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definition: crossing a cut

an edge e = (u,v) crosses a graph cut (S,V-S) if
uwesS veV -8
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example of a crossing




definition: respect
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Cut theorem



Cut theorem

~ VMM[ Ty (Jta—
Suppose the set of edges A IS part of an m.s.t.

Let (S,V—S) be any cut that respects é )

LLet edge ge\bé the min-weight edge across (S,V — §)

Then: A U{e} ispartof an m.s.t.
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example of theorem
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oroof of cut theorem

Theorem 2 Suppose the set of edges A is part of a minimum spanning tree of G =
(V,E). Let (S,V — S) be any cut that respects A and let e be the edge with the minimum
weight that crosses (S,V — S). Then the set A U{e} is part of a minimum spanning tree.



oroof of cut thm
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COrrectness

KRUSKAL-PSEUDOCODE(G)

1 A9
2 repeat V — 1 times:
3 add to A the lightest edge e € E that does not create a cycle



COrrectness

KRUSKAL-PSEUDOCODE(G)

1 A9
2 repeat V — 1 times:
3 add to A the lightest edge e € E that does not create a cycle

Proof: by induction. in step 1, A is part of some MST.
Suppose that after k steps, A is part of some MST (line 2).
In line 3, we add an edge e=(u,V).

<R «4«x ax-



3 cases for edge e.
Case 1: e=(u,v) and both u,v are in A.




3 cases for edge e.
Case 2: e=(u,v) and only u is in A.

ax-



3 cases for edge e.
Case 3: e=(u,v) and neither u nor v are in A.
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analysis?
KRUSKAL-PSEUDOCODE(G) »

1 A1 /
2 repeat V — 1 times:

3 add to A the lightest edge e € F that does not create a cycle
— A "
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(GENERAL—MST—STRATEGY(G = (V, F))

1 A0

2 repeat V — 1 times:

3 Pick a cut (S,V —S) that respects 4

4 Let e be min-weight edge over cut (S,V — .5) 24 %AM
5 A— AU{e}
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Prim’s algorithm

GENERAL-MST-STRATECY (G = (V, F))

1 A«—10

2 repeat V — 1 times:

3 Pick a cut (S,V — 9) that respects A

4 Let e be min-weight edge over cut (S,V — S)
D

A— Au{e}

A IS a subtree
edge e is lightest edge that grows the subtree
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Drim



orim
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plementation
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mplementation



new data structure M (ei)] ik
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binary heap

1© full tree, key value <= to ke;T of children




binary heap

full tree, key value <= to key of children
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binary heap

full tree, key value <= to key of children
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binary heap

full tree, key value <= to key of children
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binary heap

full tree, key value <= to key of children

how to extractmin®?
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binary heap

full tree, key value <= to key of children

how to extractmin®
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binary heap
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pbinary heap

full tree, key value <= to key of children

how to extractmin® B @ ( (03 l,\> Ul

how to decreasekey”?




binary heap
@- key value <= to key of children
how to extractmin®
\

how to decreasekey?
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mplementation

use a priority queue to keep track of light edges

iInsert:
makequeue——— LC V‘)

extractmin: () U‘j“)
decreasekey:
O C (ﬁ\r)



) Prim’'s algorithm
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mplementation

PRIM(G = (V, F))

1 Q<0 > @Qisa Priority Queue
2 Initialize each v € V with key k, < oo, m, < NIL
3 Pick a starting node r and set &k, < 0
Insert all nodes into () with key k,.
while Q # 0
do u +— EXTRACT-MIN(Q))
for each v € Adj(u)

I

D
6
7
8 do if v € Q) and w(u,v) < k,
9
0

then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) B> Sets ky «— w(u,v)




PRIM(G = (V, E))

rgToooqcm—aqkwwr—x

Q<0 > Qisa Priority Queue
Initialize each v € V' with key k, <+ oo, m, < NIL
Pick a starting node r and set k, < 0
Insert all nodes into () with key k,.
while @ # ()
do u «+ EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u.v) < ky
then 7, «— u
DECREASE-KEY(Q, v, w(u,v))

> Sets k, «— w(u,v)



PRIM(G = (V, E))
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1

Q«— 0 > Qisa Priority Queue
Initialize each v € V with key k, <+ oo, m, <« NIL
Pick a starting node r and set k, < 0
Insert all nodes into ) with key k,.
while @ # ()
do u < EXTRACT-MIN(Q)= V/
" (Tor each v € Adj(u) —

do if v € Q and w(u,v) < k,

then 7, «— u
e

DECREASE-KEY(Q, v, w(u,v))

> Sets k, «— w(u,v)



PRIM(G = (V, F))
1 Q<0 > Q isa Priority Queue

2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # () 2—
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)



PRIM(G = (V, F))
1 Q<0 > Q isa Priority Queue

2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # 0
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)



PRIM(G = (V, F))
1 Q<0 > Q isa Priority Queue

2 Initialize each v € V with key k, <+ oo, m, «— NIL
3 Pick a starting node r and set k. < 0
4 Insert all nodes into () with key k,.
5 while Q # 0
6 do u < EXTRACT-MIN(Q)
7 for each v € Adj(u)
8 do if v € Q and w(u,v) < k,
9 then 7, «— u
10 DECREASE-KEY(Q, v, w(u,v)) > Sets ky, «— w(u,v)



PRIM(G = (V, E))

1 Q<0 > Q isa Priority Queue
Initialize each v € V' with key k, <+ oo, m, < NIL
Pick a starting node r and set k, < 0

Insert all nodes into ) with key k,.

while Q # {
do u EXTRACT-MIN(Q)/

for each v € Adj(u)

do if v € Q and w(u,v) < k,
then 7, «— u

DECREASE-KEY(Q, v, w(u,v)) > Sets ky «— w(u,v)
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running time
PRIM(G = (V, F))

— 0 is a Priori ueue
Q > (@ is a Priority Q S @CU) @(\/IDSU>

Initialize each v € V with key k, < oo, m, «+ NI
Pick a starting node r and set k, < 0
Insert all nodes into () with key k,.

R s calel Uiy = ©(VIgU) fm

do u « EXTRACT-MIN(Q -

or each v € Adj(u)
do if v € Q and w(u,v) < k, < @CB)
then m, «— u > @C@)
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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mplementation

PRIM(G = (V, E))
Q«— 0 > Qis a Priority Queue
Initialize each v € V with key k, < oo, m, < NIL
Pick a starting node r and set k, < 0
Insert all nodes into () with key k,,.
while @ # ()
do u « EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < ky,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)

O(VlogV + Elog V) = O(Elog V)
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mplementation

use a priority queue to keep track of light edges

priority queue floonacci heap
Insert: O(log n) log n
makequeue: N n
extractmin: Oflog n) logn  amortized
decreasekey:  O(log:n) O(1)  amortized



floonaccl heap




Q gach node has 4 pointers
2 fields:

degree
marked

D(n)




faster Implementation

PRIM(G = (V, E))
Q«— 0 > Qis a Priority Queue
Initialize each v € V with key k, < oo, m, < NIL
Pick a starting node r and set k, < 0
Insert all nodes into () with key k,,.
while @ # () U
do u « EXTRACT-MIN(Q) };/7 V) ( 5
for each v € Adj(u)
do if v € Q and w(u,v) < ky,
then 7, «— u
DECREASE-KEY(Q, v, w(u,v)) > Sets k, «— w(u,v)
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Research In mst

FREDMAN-TARJAN 84:
GABOW-GALIL-SPENCER-TARJAN 86:
CHAZELLE 97

CHAZELLE QO

E+VliogV
Elog(log™ V)

Ea(V) logatV)

/ PETTIE-RAMACHANDRAN 02 = (optimal)
< _ - /
KARGER-KLEIN-TARJAN 95: E
~ (randomizedy =
—
VioegV

—uclidean mst:
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Ackerman function

n—+1 m =
Almn)=<¢ Am—1,1) m>0,n=0
Aim—1,Aim,n—1)) m,n>0

A(4,2) =



inverse ackerman



application of mst



application of mst




application of mst



Ssimple grapn guestions

what is the length of the path from a to e?
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shortest path property

definition:
O(s,v)



snortest patns
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algoritnm



DUKSTRA(G = (V, E), s)

1 forallveV

2 do d, «+— oo

3 T, < NIL

4 dy <+ 0

5 @ < MAKEQUEUE(V) D use d, as key

6 while QQ # ()

7 do u «— EXTRACTMIN(Q)

8 for each v € Adj(u)

9 do if d, > d, + w(u,v)
10 then d, «— d, + w(u,v)
11 Ty < U
12 DECREASEKEY(Q, v)



DUKSTRA(G = (V, E), s)

00 O T i Wi
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N = OO

forallveV
do d, <+ o 1
Ty < NIL
ds — 0
() — MAKEQUEUE(V) > use d, as key
while Q # ()
do u < EXTRACTMIN(Q)
for each v € Adj(u)
do if d, > dy + w(u,v)
then d, «— d, + w(u,v)
Ty — U
DECREASEKEY (Q, v)
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PRIM(G = (V, E))

Q0 > Q isa Priority Queue
Initialize each v € V' with key k, < oo, m, <+ NIL
Pick a starting node r and set k,. < 0
Insert all nodes into ) with key k.
while Q) # ()
do u < EXTRACT-MIN(Q)
for each v € Adj(u)
do if v € Q and w(u,v) < ky,
then 7, «— u
DECREASE-KEY (Q, v, w(u,v))

> Sets ky «— w("



running time

DUKSTRA(G = (V, E), s)

1 forallveV

2 do d, «— o

3 T, <— NIL

4 dg <« 0

5 @ < MAKEQUEUE(V) > use d, as key

6 while Q # ()

7 do u «+ EXTRACTMIN(Q)

8 for each v € Adj(u)

9 do if d, > d,, + w(u,v)
10 then d, — d, + w(u,v)
11 Ty <— U
12 DECREASEKEY(Q, v)



why does dijkstra work'/

triangle inequality:
V(iu,v) € E, 6(s,v) <d(s,u)+wu,v)

upper bound:
d, > &(s,Vv)



breadtn first search

input: G=(V,E),s
output:



breadtn Tirst search

input: G=(V,E),s
output: VweV d, =4(s,v)
smallest # of edges from sto v



breadth-first search




breadth-first search




breadth-first search




breadtn Tirst search

input: G=(V,FE),s
output: smallest # of edges fromstow €V
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ois(G, a)



breadtn first search

BFES(V, E,s)

for eachu € V — {s}
do d[u] <« o
dls} < 0
Q<0
ENQUEUE(Q, s)
while Q # ()
do u < DEQUEUE(Q)
for each v € Adjlu]
do if d[v] = o0
then d[v] <« d[u] + 1
ENQUEUE(Q, v)



DTS theorem



