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simple graph questions

what is the length of the path from a to e?



 

 



shortest path property
definition:
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Algorithm



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .
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prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v)) � Sets kv � w(u, v)
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3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .
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running time



why does Dĳkstra work?
⇤(u, v) ⇥ E, �(s, v) � �(s, u) + w(u, v)

dv � �(s, v)

triangle inequality: 

upper bound:









breadth first search
input:
output:



breadth first search
input:
output:

smallest # of edges from s to v
dv = �(s, v)



breadth-first search
 



breadth-first search
 



breadth-first search
 

 



breadth first search
input:
output: smallest # of edges from s to v
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BFS theorem



3 L19
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What about Negative 
edge weights?





where does old argument 
break down



first ideas: Add to each edge



shorti,v =

sssp(G,s)



short

i,v

=

8
>><

>>:

1 i = 0
0 v = s

min
x2V

⇢
short

i�1,v

short

i�1,x

+ w(x, v)

�

sssp(G,s)



max len of a simple path:



bellman-ford(G,s)



bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

�
shorti�1,v

w(x, v) + shorti�1,x

⇥
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bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

�
shorti�1,v

w(x, v) + shorti�1,x

⇥

bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E

5 do shorti,y = min

⇤
⌥

⇧

shorti�1,y

shorti,y

w(x, y) + shorti�1,x

⌅
�

⌃
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bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
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⇤
shorti�1,v
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⌅

bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
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w(x, y) + shorti�1,x
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bellman-ford(G, s)
1 ds ⇥ 0
2 ⇧v ⌅ V � {s}, dv ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E
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�
dy, w(x, y) + dx

⇥
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applications of BF
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distance vector
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ashorti,j,k =



ashorti,j,k =



ashorti,j,k =



ashorti,j,k =

8
<

:

wi,j k = 0

min

�
ashorti,j,k-1

ashorti,k,k-1 + ashortk,j,k-1
k � 1

9
=

;



floyd-warshall(G,W)


