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Simplify

warmup
(1 + a + a2 + · · ·+ aL)(a � 1) =



warmup
LX

i=0

ai =
aL+1 � 1

a� 1



hw0 submission
https://church.cs.virginia.edu/13f4102



stand❶
set your “number” to one❷
greet a neighbor (pause if odd person out)❸
if you are older, give your “number” to young and sit
if you are younger, add “numbers”❹

❺ if you are standing & you have a neighbor, goto 3



❶❷❸❹❺stand set greet sit/add repeat

how fast does it work:



❶❷❸❹❺stand set greet sit/add repeat

how fast does it work:

T (n) time to finish for a room of size n



 ❸❹❺greet sit/add repeat

how fast does it work:

T (n) = 1 + 1 + T (�n/2⇥)

stand set❶❷



what is a 
recurrence?

T (n) = T (dn/2e) + 2

T (1) = 3



T (2k) = 2 + T (2k�1)
solve a simpler case when n is a power of 2.





T (2k) = 2 + T (2k�1)

= 2 + 2 + T (2k�2){

⇥0 < n < m, T (n) � T (m)

T (m) � T (2�log(m)⇥)

“intuition here”

= 2 + 2 + · · ·+ 2 + T (20)

k � 1

= 2k + 3

= 2dlog(m)e+ 3



Asymptotic notation

O(f) at most within const of f  for large n
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asymptotic notation
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f(n)
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c1g(n)

n

f(n) = O(g(n))

f(n) = �(g(n))

n0

f(n) = �(g(n)



T (m) � T (2�log(m)⇥) = 2dlog(m)e+ 3



main ideas:



How to solve 
recurrence 
relations
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Theme 1
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7 8 9 4 3 21 1★
a b c d

ac1002 + (ad + bc)100 + bd

✫ ✛4 3

T (n) = 4T (n/2) + 3O(n)



Mult(ab, cd)
Compute x = Mult(a,c)
Compute y = Mult(a,d)
Compute z = Mult(b,c)
Compute w = Mult(b,d)

Return r = x*1002 + (y+z)100 + w 





T (n) = 4T (n/2) + 3O(n)



calculations:



7 8 9 4 3 21 1★
a b c d

ac1002 + (ad + bc)100 + bd

Karatsuba



7 8 9 4 3 21 1★
a b c d

ac1002 + (ad + bc)100 + bd

(a + b)(c + d) = ac + ad + bc + bd

ad + bc = (a + b)(c + d)� ac� bd

Karatsuba



Karatsuba algorithm
7 8 9 4 3 21 1★

a b c d



Karatsuba algorithm
7 8 9 4 3 21 1★

a b c d

❶ ac, bd, (a + b)(c + d)
Recursively compute



Karatsuba algorithm
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Recursively compute



Karatsuba algorithm
7 8 9 4 3 21 1★

a b c d

ad + bc = (a + b)(c + d)� ac� bd❷
ac1002 + (ad + bc)100 + bd❸

❶ ac, bd, (a + b)(c + d)
Recursively compute



Karatsuba algorithm
7 8 9 4 3 21 1★

a b c d

ac1002 + (ad + bc)100 + bd

ad + bc = (a + b)(c + d)� ac� bd❷
❸

3T (n/2) + 2O(n)

2O(n)

2O(n)

❶ ac, bd, (a + b)(c + d)
Recursively compute



Karatsuba algorithm
7 8 9 4 3 21 1★

a b c d

T (n) = 3T (n/2) + 6O(n)
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calculations:



T (n) = 3T (n/2) + 6O(n)

O(nlog2(3))



T (n) = 3T (n/2) + 6O(n)

O(nlog2(3)) O(n1.589)
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7 8 9 4 3 21 1★
a b c d

T (n) = 3T (n/2) + 6O(n)

T (n) = 4T (n/2) + 3O(n)



simpler proof technique?



induction redux
goal: prove that some property P(k) is true for all k

classic
❶



one long proof...
goal: prove that some property P(k) is true for all k

classic
❶



P(1)
· · ·

P(k)

induction redux
base case: 

inductive step: true implies true

classic

classic

❶



P(n⇤)
· · ·

P(k)

induction redux
base case: 

inductive step: true implies true

asymptotic style
❷



simpler proof
T (n) = 3T (n/2) + 6O(n)

(guess +chk)



T (n) = 3T (n/2) + 6O(n) (guess +chk)

property:
base case:

inductive step:
(handled by constants d’ and d’’)

want to show: T(n) = O(nlog 3)
T(n) < nlog

2

3 � d0n



simpler proof
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jef
f e

ric
ks

on

merge-sort
if

merge-sort
merge-sort
merge

...



T (n) = 2T (n/2) + n

prove:



T (n) = 2T (n/2) + n

prove:
hypothesis:
base case:
inductive step:



cookbook



T(n) = aT(n/b) + f(n)



T(n) = aT(n/b) + f(n)



T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
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� n

b3

⇥
+ · · · + aLf

� n

bL
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...

...

...



case 1:

T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

f (n) = O(nlogb a��)





case 1:

T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

example: T(n) = 4T(n/2) + n



case 1 (cont):

T (n) = f(n) + af
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