4102
4.05.2016

abhi shelat



VVnat about Negative
edge weights’/



sssp(G,s)

SHORT; o = \M;XL\ )\D Ying g)ﬂorjf«”sjﬁ g)mi')ﬂ\ fmm
s v v A use 6l€§%_




SHORT; , = $

(0 1 =10

0 V=35

min, .y { SHORT; 1 4 }
\ SHORT;_1 , + w(x,v)
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Optimization to save Space

BELLMAN-FORD(G, s)

1 SHORT( s < 0
2 Yv eV —{s}, SHORT(, « o0
3 fori:=1,..., V-1

do for each e = (x,y) € E
T;, = min

SHORT;—1 y

do SHORT; , = mi m7
g E/—\—) { w(x,y)erHORTi_l,x }
BELLMAN- FORD A 6
1 ds«<—0 @( u> Sf C

2 YveV —{s}, d — 00

3 fori:=1,..., 7
4 do for eache— /

@ mm{d wxy )+ dy }




running time

BELLMAN-FORD(G, s)

de — 0
Vo eV —{s}, d, — .
for:=1,..., V-1 @( UE> {u/\/\Q
do for each e = (x,y) € E
do d, « min{ dy,w(z,y) +dy; }
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applications of B
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image: cheswick et al

Figure 3: Lucent’s intranet as of 1 October 1999.
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distance vector

To Seattle

To Los Angeles
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~loyd-Warshall(GG, VW)
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int graph[128][128], n; // a weighted graph and its size
void floydWarshall() {

for( int

K=0; k<n; k++)

or(inti=0;i<n;i++)

or(

intj=0;j<n;j++)

graph(i][j] = min( graphli][j], graphli][k] + graph[K][j] );

}
iInt main {
/1 Initia
>/l grap

ize the graphl[][] adjacency matrix and n
N[i][i] should be zero for all i.

— // grap

N[i][j] should be "infinity" if edge (i, ) does not exist

—> Il otherwise, graphli][j] is the weight of the edge (i, j)

@ydWarsha ):

// now graph([i][j] is the length of the shortest path from i to |

}



Max flow



“Consider arail network connecting two cities
by way of a number of intermediate cities,
where each link of the network has a number
assigned to it representing its capacity. As-
suming a steady state condition, find a maxi-
mal flow from one given city to the other.”



Figure 4 From Harris and Ross [3]: Schematic diagram of the railway network of the Western Soviet Union and East Euro-
pean countries, with a maximum flow of value 163,000 tons from Russia to Eastern Europe and a cut of capacity 163,000 tons
indicated as ‘The bottleneck’

courtesy Alexander Schrijver



flow networks

G=(V,E)

. . X
source + sink: S ource nale S Al ke T

capacities: (- £ — H&f UOQS?%M ol % aq/acal//



flow networks

G = (V,E)
source + sink: node s, and t

capacities: c(u,v)
assumed to be O if no (u,v) edge
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flow
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NuNdreds of applications

edge-disjoint paths
node-disjoint paths
scheduling

1, baseball e|lmlﬂa?[IOﬂ —
resource allocations

i\bipartite matching

~ will discuss many of these applications soon
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Algorithms tor max flow



~esidual graphns

G = (V, Ef)
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example residual grapn




why residual graphs




augmenting patns

def:



ford-tfulkerson
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initialize f(u,0) < 0 Vu,2 _— S e f&d@ ][nm
Khile exists an augmenting path pin G¢

augment fwith  ¢f(p) = min c¢(u,0) Sh

(u,v)ep
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ford-fulkerson

-

-

initialize f(u,0) —0Vu,v
while exists an augmenting path pin G

augment fwith  ¢s(p) = (E% cr(u,v)

J

time to find an augmenting path: EFS

number of iterations of while loop:
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Cuts

Def of a cut:

cost of a cut;

15, Tl =



lemma: [min cut] forany f,(S,T)



forany f,(S,T) itholdsthat |f| < ||S, T|

e T
3 2/3 >1/2 @

example:



A property to remember

forany f,(S,T) itholdsthat |f| < ||S, T|
proof:



2/3



forany f,(S,T) itholdsthat |f| < ||S, T|

(finishing proof)



why residual graphs




augmenting patns

def:



IThm: max flow = min cut

— min||S, T
mﬁX\f! nngnH I

If f is a max flow, then Gf has no augmenting paths.



thm: max flow = min cut

— min||S, T
m;lX\fI nngnH I



ford-tfulkerson

e

initialize f(u,0) —0Vu,v
while exists an augmenting path p ik ¢

augment fwith  ¢s(p) = ﬁ%lép cr(u,v)
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ford-fulkerson

initialize fu,0) = 0Vu,0
while exists an augmenting path p ik ¢

augment fwith  ¢s(p) = (gﬁgp cr(u,v)

(S

time to find an augmenting path:

number of iterations of while loop:
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root of the problem




edmonds-karp 2

choose path with fewest edges first.

6f(s,0) :



lemma:

d¢(s,v) increases monotonically thru exec
6i+1(v) > 6i(v)
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for every augmenting path, some edge is critical.



critical edges are removed in next residual graph.



key idea: how many times can an edge be critical?



Outline of the argument
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1 1i+1 J k

first time (u,v) is critical:



e e S
1 1+1 J k

time i: (u,v) is critical:

57j—|—1(87v) > 5i(87v) + 1

S > a0, Y > T

time j: Edge (u,v) STRIKES BACK



e e S
1 1+1 J k

time i: (u,v) is critical:

57j—|—1(57v) > 5i(87v) + 1
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T B T
1 1+1 J k

time j: Edge (u,v) STRIKES BACK
5i_|_1(8, U) > 57;(8, U) + 1

0;(s,u) =0;(s,v)+1
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T B T
1 1+1 J k

time k: RETURN OF THE (u,v) critical
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QUESTION: How many times can (u,v) be critical?



edge critical only times.

there are only edges.

ergo, total # of augmenting paths:

time to find an augmenting path:

total running time of E-K algorithm:



ft O(E|f7])
ek2

push-relabel

tfaster push-relabel



