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example residual grapn




why residual graphs




augmenting patns
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—Ord-rulkerson
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initialize f(u,0) < 0Vu,v
while exists an augmenting pathpin G
augment fwith ~ cf(p) = min cg(u,0)
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current flow/remaining capacity
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current flow/remaining capacity




current flow/remaining capacity




current flow/remaining capacity







ford-fulkerson
/ S Hq

initialize f(u,v) < 0Vu,v -
while exists an augmenting pathp in G f—

augment fwith ~ ¢f(p) = (E% cr(u,v)

time to find an augmenting path: (&) (\/ -+ g) CFS-

number of iterations of while loop:
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Cuts
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lemma: [MinCut] for any f, (S, T) \3(\ — \\ S;TU



forany f,(S,T) itholdsthat |f| < ||S, T||

flow/capacity




forany f,(S,T) itholdsthat |f| < ||S, T||

flow/capacity




\Vain point
forany f,(S,T) itholdsthat |f| < ||S,T|
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A property to remember

Forany f,(S,T) itholdsthat |f| < ||S, T||
Oroof:
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for any f, (S,T) it holds that |f‘ < HS/TH

(finishing proof)
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Thm: max flow = min cut (A=) L2

max | f| :minHS,TH

f
If fis a max flow, then Gr has no augmentlng paths.
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IThm: max flow = min cut

max |f| = min||S, T|
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root of the proplem




—dmonds-Karp 2

choose path-with fewest edges first. B ES
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increases monotonically thru exec
6i+1(v) = 6i(v)



1/0

for every augmenting path, some edge Is critical.

)



critical edges are removed In next residual graph.



key idea: how many times can an edge be critical?
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first time (u,v) is critical:
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1 1+1 ] k
time i+1: (u,v) is critical:  §; 11 (s, v) > d;(s,u) + 1
S ~a, Y - &

time j: Edge (u,v) STRIKES BACK
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| 1 1+1 J k
time i+1: (uv) is critical: ;1 (s,v) > §;(s,u) + 1
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1+1 ]

time J: Edge (u,v) STRIKES BACK
0i11(s,v) > 0;(s,u) + 1
0;(s,u) =0;(s,v)+1
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time k: RETURN OF THE (u,v) critical
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QUESTION: How many times can (u,v) be critical?



\/
edge critical only 2 times.

~ there are only E edges.
. ergo, total # of augmenting paths: SQE \A

time to find an augmenting path: ) (& »%\JB

total running time of E-K algorithm:
O (e*\/
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PUSH-RELABEL

FASTER PUSH-RELABEL



Bipartite



maximum bipartite matcning
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maximum bipartite matcning
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pipartite matching

problem:



algorithm

:
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algoritnm

I. MAKE NEW

FROM INPUT G.
2. RUN FF ON G’

OO

3. OUTPUT ALL MIDDLE EDGES O
WITH FLOW F(E)=1.

O



COrrectness

IF (G HAS A MATCHING OF SIZE K, THEN



COrrectness

IF G HAS A FLOW OF K, THEN



Ntegrality theorem

IF CAPACITIES ARE ALL INTEGRAL, THEN



COrrectness

'HAS A FLOW OF K, THEN G HAS K-MATCHING.



running time



edge-disjoint patns
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algorithm
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analysis

IF (G HAS K DISJOINT PATHS, THEN



analysis

(G’ HAS A FLOW OF K, THEN



vertex-aisjoint patns




baseball elimination
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baseball elimination

Against

W L Left N B Bo T D

NY 75 59 28 3 8 7 3

BAL 71 63 28 3 2 7 4
BOS 69 66 27 8 2
TOR 63 72 27 /7 7
DET 49 86 27 3 4
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\i4 L Left

NY 75 59 28

BAL 71 63 28
BOS 69 66 27
TOR 63 72 27

DET 49 86 27
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