4 ‘I 02 11.26.2013

abhi




a0

g



Image credits: Julia Nikolaeva



Image credits: Julia Nikolaeva



definition: matcnings

,\M: ZV\A) ‘V\“)§
- W= sz Un 3
f—S: 3 (‘M u3> i 3@“\“ /f € al



definition: matcnings
M = {ml,...,mn}
W ={w,...,w,}

S = {(m,,;l,wjl), Ceey (mik7w’ik)}

Each m: appears only one in a pairing.
A matching is perfect it every m; appears.



definition: preferences
M ={mi,...,mp}
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example: preferences
M = {ml,...,mn}

m; has a preference relation _<
on the set W ,,71
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there exists a stable matching.



Oroposal algortnm
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STABLEMATCH(M, W, <., <w)

Initialize all m,w to be FREE
while JFREE(m) and hasn’t proposed to all W
do Pick such an m
Let w € W be highest-ranked to whom m has not yet proposed
if FREE(w)
then Make a new pair (m, w)
elseif (m’, w) is paired and m’ <, m
do Break pair (m', w) and make m’ free
Make pair (m, w)

return Set of pairs
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Oroposal algortnm enas
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Oroposal algortnm ends
O(TLQ ) steps

each m proposes at most once to each w.

each m proposes at most n times.

size of M Is n.



outpUt IS a matcning



output IS pertect

ontaddied )



output IS perfect

if Im whois free, then Jw who has not been asked



output Is stable ==
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Qutput S stanle
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Qutput S stadle

spse not. 3(m™, w), (m, w” W <y W M < M

mM* last proposal was to w

but  w <+ w" and so M* must have already asked w*

and must have been rejected by m* <y m'

then either m <,+m  or m’=m

>k

which contradicts assumption m <+ m



Froposer Wins
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—_emarkapie theorem

W is valid for m: 3 Soel shalle Wf\cm’\b g S T (#"\\w} e

best(m): \W Sx%f ((\/‘]WB S VALY RV\? 6\f€r?f LJ* Z W ¢S ‘/\<_¥ VAL
— I ™M

S } L) Desf(m)) §

NE M

[M GS WAW\M S% , ( 6%\(\0 exe Cuttmn d\( L%>



Go IS man-optimal
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MATCH

TIONAL RESIDENT MATCHING PROGRAM®

THE

N
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a new technique
for algorithm

design



Mergesort(n)

<pase case>
MergeSort(n/2) <left half>
MergeSort(n/2) <right half>

Merge(left,right) <combine>



Mergesort(n)

<base case>
MergeSort(n/2) <left half>
MergeSort(n/2) <right half>

Merge(left,right) <combine>

T(n)=2T(n/2)+ O(n)

MergeSort(n) <f(ﬂ) 2MergeSort(n/2)



Typesetting

BESTy + ST ,,
BEST + 53 ,,
BEST: + 53 ,,

BEST, =— min ‘
n BEST/—1 + 57,

BEST,,—1 + S; .,



Typesetting

BESTg + S
BEST + 53 ,,
BEST: + 53 ,,

BEST, =— min ‘
n BEST/—1 + 57,

BEST,,—1 + S; .,

solving BESTn can be reduced to solving n-1 BESTI problems and
combining the answer In linear time.



HUFFMAN

Finding an optimal code for an X character alphabet

solved b
can be reduced to

Finding an optimal code for an X-1 character alphabet



WE HAVE BEEN SOLVING PROBLEM A
BY SOLVING SMALLER VERSIONS OF

PROBLEM A



GENERAL IDEA.:
SOLVE PROBLEM A BY SOLVING
PROBLEM B



REDUCTION

PROBLEM, <f(n,) PROBLEMp



REDUCTION

PROBLEM, <f(n,) PROBLEMp

dJec.d
T(PROBLEM(Nn)) < f(n) + cT(PROBLEMyp (dn))




MAXIMUM BIPARTITE MATCHING
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EDGE-DISJOINT PATHS
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vaxBIPARTITE < maflow

max€0 9 edis] < oy maxflOW



TRIPLET PROBLEM

given numbers (1,00, Tn)
determine whether there Is a triplet Xiy X5, Xk)

(
such that Xi + X5 +xx =0



3,-6, 5 ,2,6,8,-1,12,7,-10,-3,14



EASY TO SOLVE IN
O (n3 )



EASY TO SOLVE IN O(n?)

3,-6, 5 ,2,6,8,-1,12,7,-10,-3,14




COLINEARITY

given points in the plane ((®1,91), -5 (s Yn))

determine whether any 3 are co-linear but not horizontal.






HOW CAN WE COMPARE
2 PROBLEMS?

PROBLEMq <f(n,) PROBLEM}p

T(PROBLEM¢(Nn)) < f(n) 4+ ¢cT(PROBLEMp (dn))




3,-6,5,2,6,8,-1,12,7,-10,-3,14



T= {3,—6,5,2,6,8,—1,12,7,—10,—3,14 }
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T= {3,-6,5,2,6,8,-1,12,7,-10,-3,14 }
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T= {3,-6,5,2,6,8,-1,12,7,-10,-3,14 }
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T is a TRIPLET-set if and only if P is a COLINEAR set.



SEGMENT PARTITION
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SEGMENT PARTITION

Problem: Given a set of line segments in the plane, determine
if there exists a line that partitions the segments into two sets.



SEGMENT PARTITION
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WHY DO WE CARE?



ANOTHER EXAMPLE



3SAT PROBLEM

iInput:

output: *



3SAT EXAMPLE

xVyVz) AxVyVy) A(uVyVz)A(zVxVu A xVyV z)



PARTY PROBLEM




INDEPENDENT SET



INDEPENDENT SET

aset SCV  isanindependent set if
no two nodes i are joined by an edge.



EXAMPLE
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GOAL: givenagraph G,



3SAT <,, INDSET

xVyVz) AxVyVy) A(uVyVz)A(zVxVu A xVyV z)

what must we do to?






3SAT <,, INDSET

xVyVz) AxVyVy) A(uVyVz)A(zVxVu A xVyV z)



3SAT <,, INDSET

xVyVz) AxVyVy) A(uVyVz)A(zVxVu A xVyV z)

YA









(G, k) € INDSET —>



COMPLEXITY THEORY



Theory of NP



DEFINITION OF NP

A language |_



DEFINITION OF NP

a language L belongs to the class NP iff
JA. ¢ such that

L={xe{0, 1} |y {0, 1}* s.t.A(x,y) =1}



WHY IS TRIPLETS IN NP>

(X1,%2,...,Xn)



WHY IS INDSET IN NP?



COMPLEXITY CLASSES

NP

P



COOK-LEVIN THEOREM




THE IMPLICATION OF THIS



BASEBALL
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a vertex cover of a graph is a



a vertex cover of a graphisaseét € V

suchthat V (x,y)eE
either x € C ory € C






GOAL: givenagraph G,



MAXINDSET < (v) MINVERTEXCOVER



