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such that 
C � V

⇥ (x, y) � E

x � C y � C

a vertex cover of a graph is a set 

either            or 







Dictionary
data structure



Dictionary
insert

delete

lookup

findnext

standard solution: bal bin tree



Dictionary
insert

delete

lookup

findnext

standard solution: hashtable



Dictionary
insert

delete

lookup

findnext

{1, . . . , n}
keys belong to limited range:new constraint:



Can we do better than O(n) findnext?



van emde Boas Q
the big idea:



van emde Boas Q
VEB(n)



VEB queue

sz, min, max
VEB(n)



VEB queue

sz, min, max
VEB(n)

base case: 1 bit queue.

normal case: 



VEB(
p

n)

VEB queue

0 1
�

n2 3 ...

sz, min, max

map

VEB(n)

base case: 1 bit queue.

normal case: 



n = 256

sz, min, max 0 1
�

n2 3 ...

example: 

map
VEB(

p
n)

VEB(n)



n = 256

sz, min, max 0 1
�

n2 3 ...

example: 

map
VEB(

p
n)

VEB(n)

sz, min, max 0 1 ...
mapVEB(n)

4pnVEB(4pn)storing
the key 55.



lookup(i)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



lookup(i)
i = a

�
n + bwrite 

if size = 0 or then return false 
else areturn .lookup(b)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

a .size = 0



findnext(i)
idea:

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



findnext(i)

sz, min, max 0 1
�

ni...
map

VEB(
p

n)
VEB(n)

i+1



findnext(i)

sz, min, max 0 1
�

ni...
map

VEB(
p

n)
VEB(n)

i+1



i = a
�

n + b

> b

�
n

findnext(i)
write 

if a .max then 

else 
areturn .findnext(b)

return map .findnext(a) .min

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

<base case if size is zero> 



i = a
�

n + b
insert(i)

write 

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 
a.insert(b)
map.insert(a)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 
a.insert(b)
map.insert(a)

what is the problem with this?

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 
a.insert(b)
map.insert(a)

what is the problem with this?

how can we get around the problem of 
inserting twice?

answer: LAZY inserts.  how many times do we 
need to insert into MAP?

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 
if sz==0 then 
else 

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b

insert(i)

write 

if sz==0 then update sz=1,min=max=i 

a .sz==0

if min>i swap(i,min)

update sz, min, max 
a .insert(b)

 

else 

if then .insert(a)map

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



lookup(i)
i = a

�
n + bwrite 

else areturn .lookup(b)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

if size==0 return false 
if i==min return true 


