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Solve for x:
your id:



Karatsuba algorithm
7 8 9 4 3 21 1



Karatsuba(ab, cd)
Base case: return b*d if inputs are 1-digit

ac = Karatsuba(a,c)
bd = Karatsuba(b,d)
t = Karatsuba((a+b),(c+d))

mid = t - ac - bd

RETURN ac*1002 + mid*100 + bd

3T (n/2) + 2n

4n

3n



T (n) = 3T (n/2) + 9n



calculations:





calculations:



O(nlog2(3))

T (n) = 3T (n/2) + 9n



O(nlog2(3)) O(n1.589)

T (n) = 3T (n/2) + 9n
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a b c d

T (n) = 3T (n/2) + 9n
T (n) = 4T (n/2) + 3n



simpler proof technique?



induction redux
goal: prove that some property P(k) is true for all k

classic
❶



one long proof...
goal: prove that some property P(k) is true for all k

classic
❶



P(1)
· · ·

P(k)

Induction
base case: 

inductive  step: implies true

classic

classic

❶

}



P(n⇤)
· · ·

P(k)

induction redux
base case: 

inductive step: implies true

asymptotic style
❷

}



simpler proof (guess +chk)

T (n) = 3T (n/2) + 9n



simpler proof



mergesort

6 4 9 12 2 5 8 7

goal:

technique:



mergesort

6 4 9 12 2 5 8 7
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mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

sort left half sort right half
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mergesort
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mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7
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mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

2 4 5



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

2 4 5 6 7 8 9 12

sort left half sort right half

HOW?



mergesort(A,start,end)
❶
❷
❸
❹
❺



mergesort(A,start,end)
❶
❷
❸

if start < end

❹
❺

q  b(start + end)/2c

mergesort(A,start,q)
mergesort(A,q+1,end)

merge(A,start,q,end)

else ...



mergesort(A,start,end)
❶
❷
❸

if start < end

❹

q  b(start + end)/2c

mergesort(A,start,q)
mergesort(A,q+1,end)

merge(A,start,q,end)
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mergesort(A,start,end)
❶
❷
❸

if start < end

❹

q  b(start + end)/2c

mergesort(A,start,q)
mergesort(A,q+1,end)

merge(A,start,q,end)

running time?

❺ else ...



T (n) = 2T (n/2) + n

show:



T (n) = 2T (n/2) + n

prove:
hypothesis:
base case:
inductive step:



T (n) = 2T (n/2) + n

prove:
property:
base case:
inductive step:

T(n) < cn log n
T(n) = O(n log n)

for c>1 



O(nlog2(3))O(n1.589)

T (n) = 3T (n/2) + 9n

T (n) = 3T (n/2) + 8O(n)



(guess +chk)T (n) = 3T (n/2) + 9n



one long proof...
goal: prove that some property P(k) is true for all k

classic
❶



(guess +chk)

property:
base case:

inductive step
(handled by constants d’ and d’’)

show: T(k) = O(nlog 3)
T (n) = 3T (n/2) + 9n



(guess +chk)


