
L4
shelat
4102

sep 5 2013



O(nlog2(3)) O(n1.589)

T (n) = 3T (n/2) + 8O(n)



2 *



4 *



8 *



2

4

8

16

32

64

128

10

62

250

878

2890

9182

28570

14nlog2 3 � 16n# operationsDigits

10

62

250

878

2890

9182

28570



(guess +chk)T (n) = 3T (n/2) + 8O(n)



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Lets prove that T (n)  14nlog2 3 � 16n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Lets prove that T (n)  14nlog2 3 � 16n

By inspection, indeed, when n<1024.T (n)  14nlog2 3 � 16n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Lets prove that T (n)  14nlog2 3 � 16n

By inspection, indeed, when n<1024.T (n)  14nlog2 3 � 16n

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Consider the case of T (n0 + 1)

Lets prove that T (n)  14nlog2 3 � 16n

By inspection, indeed, when n<1024.T (n)  14nlog2 3 � 16n

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Consider the case of T (n0 + 1)

T (n0 + 1) = 3T ((n0 + 1)/2) + 8(n0 + 1) By definition

Lets prove that T (n)  14nlog2 3 � 16n

By inspection, indeed, when n<1024.T (n)  14nlog2 3 � 16n

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Consider the case of T (n0 + 1)

T (n0 + 1) = 3T ((n0 + 1)/2) + 8(n0 + 1) By definition

But since (n0 + 1)/2 < n0 and A1, it follows that

Lets prove that T (n)  14nlog2 3 � 16n

By inspection, indeed, when n<1024.T (n)  14nlog2 3 � 16n

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n



(guess +chk)T (n) = 3T (n/2) + 8O(n)
Assume that this term is 8n

Consider the case of T (n0 + 1)

T (n0 + 1) = 3T ((n0 + 1)/2) + 8(n0 + 1) By definition

But since (n0 + 1)/2 < n0 and A1, it follows that

Lets prove that T (n)  14nlog2 3 � 16n

By inspection, indeed, when n<1024.T (n)  14nlog2 3 � 16n

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n

T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)



T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)



T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)

< 14(n
0

+ 1)log2 3 � 24(n
0

+ 1) + 8(n
0

+ 1)



T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)

< 14(n
0

+ 1)log2 3 � 24(n
0

+ 1) + 8(n
0

+ 1)

< 14(n
0

+ 1)log2 3 � 16(n
0

+ 1)



T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)

< 14(n
0

+ 1)log2 3 � 24(n
0

+ 1) + 8(n
0

+ 1)

< 14(n
0

+ 1)log2 3 � 16(n
0

+ 1)

This expression matches our Assumption A1.

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n



This establishes that T (n) = O(nlog2 3)

T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)

< 14(n
0

+ 1)log2 3 � 24(n
0

+ 1) + 8(n
0

+ 1)

< 14(n
0

+ 1)log2 3 � 16(n
0

+ 1)

This expression matches our Assumption A1.

A1: Lets assume that n < n0whenT (n)  14nlog2 3 � 16n



This establishes that T (n) = O(nlog2 3)

T (n
0

+ 1) < 3

"
14

✓
n
0

+ 1

2

◆
log2 3

� 16

✓
n
0

+ 1

2

◆#
+ 8(n

0

+ 1)

< 14(n
0

+ 1)log2 3 � 24(n
0

+ 1) + 8(n
0

+ 1)

< 14(n
0

+ 1)log2 3 � 16(n
0

+ 1)

Thus, we can conclude the proof via induction. 
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Induction summary
1 T (n)  14nlog2 3 � 16n IS TRUE for one case.

2 T (n)  14nlog2 3 � 16n

3 Showed that 1,2 imply that

T (n
0

+ 1)  14(n
0

+ 1)log2 3 � 16(n
0

+ 1)

Suppose TRUE for n < n0

4 Lather, Rinse, Repeat! (Induction)
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This expression DOES NOT matches our Assumption A1.
So the induction STOPS!
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example: 

T(n) = 4T(n/2) + n

f (n) = O(nlogb a��)

GOAL:
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abhi
f(n) = O(n^{log_2(4)}), so case 1 applies here.

Thus, T(n) = Theta(n^{log_2(4)}) = Theta(n^2)
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abhi
Aim is to show that T(n) = Theta(n^{log_b a}). Towards this goal, we expand the eqtn above: f(n) < cn^{log_b(a) - eps}  by the definition of big-Oh

T(n) = cn^{log_b(a)-eps} + a*c(n/b)^{log_b(a)-eps} + a^2*c(n/b^2)^{log_b(a)-eps} + … + 
					a^(L-1)*c(n/b^(L-1))^{log_b(a)-eps} + a^L*c(n/b^L)^{log_b(a)-eps}
								                         this last term^^^ simplifies to c*a^L																								

  obs I: a^L = a^{log_b(n)} = b^({log_b(a)}*{log_b(n)}) = (b^{log_b(n)})^{log_b(a)}
                                                        = n^{log_b(a)}

  obs II: a^i*c(n/b^i)^{log_b(a)-eps} =  c*n^{log_b(a)-eps} (a^i / (b^i)^{log_b(a)-eps} )
                                      =  c*n^{log_b(a)-eps} (a^i / (a^i b^{-eps*i} )
                                      =  c*n^{log_b(a)-eps}  b^{eps*i} )  

abhi
L is the # of recursive levels,
and L=log_b(n)
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ALso need to show that T(n) = Omega(n^{\log_b(a)})
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f � �(nlgb a)case 2:

case 3: and...f 2 ⌦(nlgb a+✏)

abhi
then T(n) = Theta (n^{log_b a} log(n))
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then T(n) = Theta(f(n))
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T(n) = 2T
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abhi
T(2^m) = 2T( sqrt(2^m) ) + lg(2^m)
			 = 2T( 2^{m/2} ) + c*m     --- c is some constant to hangle the "natural" lg
So in other words, 2^m = n

S(m)   = T(2^m)
S(m/2) = T(2^{m/2})

S(m) = 2S(m/2) + c*m

S(m) = Theta(m * log m)

If 2^m = n, then m = log(n).

Thus, T(n) = T(2^m) = Theta(m * log m) = Theta( log(n)log(log(n)) )
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Algorithms Lecture 2: Divide and Conquer

The control of a large force is the same principle as the control of a few men:
it is merely a question of dividing up their numbers.

— Sun Zi, The Art of War (c. 400 C.E.), translated by Lionel Giles (1910)

2 Divide and Conquer

2.1 MergeSort

Mergesort is one of the earliest algorithms proposed for sorting. According to Knuth, it was sug-
gested by John von Neumann as early as 1945.

1. Divide the array A[1 .. n] into two subarrays A[1 ..m] and A[m + 1 .. n], where m = ⇥n/2⇤.
2. Recursively mergesort the subarrays A[1 ..m] and A[m + 1 .. n].

3. Merge the newly-sorted subarrays A[1 ..m] and A[m + 1 .. n] into a single sorted list.

Input: S O R T I N G E X A M P L
Divide: S O R T I N G E X A M P L

Recurse: I N O S R T A E G L M P X
Merge: A E G I L M N O P S R T X

A Mergesort example.

The first step is completely trivial; we only need to compute the median index m. The second
step is also trivial, thanks to our friend the recursion fairy. All the real work is done in the final
step; the two sorted subarrays A[1 ..m] and A[m + 1 .. n] can be merged using a simple linear-time
algorithm. Here’s a complete specification of the Mergesort algorithm; for simplicity, we separate
out the merge step as a subroutine.

MERGESORT(A[1 .. n]):
if (n > 1)

m � ⇥n/2⇤
MERGESORT(A[1 ..m])
MERGESORT(A[m + 1 .. n])
MERGE(A[1 .. n],m)

MERGE(A[1 .. n],m):
i � 1; j � m + 1
for k � 1 to n

if j > n
B[k] � A[i]; i � i + 1

else if i > m
B[k] � A[j]; j � j + 1

else if A[i] < A[j]
B[k] � A[i]; i � i + 1

else
B[k] � A[j]; j � j + 1

for k � 1 to n
A[k] � B[k]

To prove that the algorithm is correct, we use our old friend induction. We can prove that
MERGE is correct using induction on the total size of the two subarrays A[i ..m] and A[j .. n] left to
be merged into B[k .. n]. The base case, where at least one subarray is empty, is straightforward;
the algorithm just copies it into B. Otherwise, the smallest remaining element is either A[i] or A[j],
since both subarrays are sorted, so B[k] is assigned correctly. The remaining subarrays—either
A[i + 1 ..m] and A[j .. n], or A[i ..m] and A[j + 1 .. n]—are merged correctly into B[k + 1 .. n] by the
inductive hypothesis.1 This completes the proof.

1“The inductive hypothesis” is just a technical nickname for our friend the recursion fairy.
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simple solution: brute force:
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closest pair:

(make data structures, only once)

solve left half, right half

let � be min from left/right

add points     from middle to set S �

assign points to boxes of side �/2

for each point in S,
compare w/10 neighbor boxes
find minimum in this list

return closest pair

base case of <5 points
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taking this idea further
3x3 matricies



1978 victor pan method
70x70 matrix using 143640 
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of rank n/2. (half are larger, half are smaller)
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problem: given a list of n elements, find the element
of rank n/2. (half are larger, half are smaller)

first solution: sort and pluck.

can generalize to i



problem: given a list of n elements, find the element
of rank i. 



key insight:
we do not have to “fully” sort.
semi sort can suffice.

problem: given a list of n elements, find the element
of rank i. 
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pick first element
partition list about this one
if pivot is position i, return pivot
else if pivot is in position > i
else

select

select
select



Needed
a good partition element

partition



Needed:
a good partition element

partition produce an element where 
30% smaller, 30% larger
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solution:
bootstrap

image: gucci

image: d&g

image: mark nason



partition



partition



partition



partition

select



partition

divide list into groups of 5 elements
find median of each small list
gather all medians
call select(...) on this sublist to find median

return the result



partition

divide list into groups of 5 elements
find median of each small list
gather all medians
call select(...) on this sublist to find median

return the result
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at most numbers

larger than
/smaller

a nice property of our partition
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