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Graph for sin(x)
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Using the standard method, how many
multiplications does it take to multiply

two NxN matrices’

cos(m/4) = cos(7/2)
sin(7/4) = sin(7/2)
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" AE + BG( AF -

- BH,

[Strassen]

CE+ DG CF+DH

Y

{

«(, c AF- AU + AL
= AF+GH

fplA(FH) \N;w:cw 5 —y54D6> CETPG

P,=(A+ B)H
P;=(C+D)E
P, = D(G — E)

Ps=(A+D)(F+ H)
Ps = (B — D)(G + H)
Pr=(A-C)(E+F)



[ AE+ BG,” AF + BH s|-p.+P
CE + DG CF + DH P
= P33+ Py = Ps + P, — P3l— P7>
[strassen]
= A{F — H)
P, =(A+ B)H WE*%‘SE@?J{?@
=(C+D)E Ay — JEH
Py = D(G — E) \i‘%c] “P6 54 - M
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CE+ DG C’F + DH

:R%#zlﬁp + BG, AF + BH s|=Pi+P;

Ps + Py =Ps+ P — Ps— P
[strassen]
P, =A(F — H)
P, =(A+ B)H
=(C+D)E
P,=D(G - FE)

Ps=(A+D)(E+ H)
P; = (B — D)(G + H)
Pr=(A-C)(E+F)




[ AE+ BG, AF + BH s|-p.+P:
B CE——DG CF+DH
= P35+ Py =P+ P — Ps— 1%

[strassen]
P, =A(F — H)

P, =(A+B)H M(n) =TM(n/2) + 18n°

= (C +D)E

P, = D(G — E) — @(n10g2 7)

Ps=(A+ D)(E + H)
Ps = (B — D)(G + H)
P;=(A—C)(E +F)
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taking this 1dea further

3x3 matricies [Laderman’/5]
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1978 victor pan method

(Ox70 matrix using 143640
mults

what Is the recurrence:

[ (n)= 11310 T(%@> £ @(”7/)

= @Cm\o?ml‘fﬂ ‘(\\) N m@?ﬁf






s

https://en.wikipedia.or

naive T

Strassen Pan
Bini et al.

7

Schonhage Romani n

Coppersmith, Winograd

Strassen Z:

Coppersmith, Winograd

1960 1970 1980 1990

iKi/File:Bound_on_matrix_multiplication_omega_over_time.svg



Fourier
Pranstorm




Left vertical axis title

550

500

450

400

350

AAPL

7/1/2013

8/1/2013

Horizontal axis title

9/1/2013



Left vertical axis title

550

500

450

400

AAPL

7/1/2013

8/1/2013 9/1/2013

Horizontal axis title






Oig ideas:
@ C\/\W\?f( % (6, ey et
Coe&gl %/ ﬁ> g)‘b /\Jfffw‘.;g ﬁvm\




S
G
A y
1
O
v _/w 4n|v
D“I . —~—
——~ T~
R ™~
by T~ 5
(Y N N~
] S Te)
P@W :
| \
|I_|.
_ \ _
A \
C N 2 B
0
- | / . %\
B C 4 e \ 10
fl.\ ~N W A
4 / N
| /\\. C abv
' <\ _
PPN -
A :
Y -~
~—_ 1
| | _
| | N\ 0
_ _ \ _ ~
AR =1
. L \
\ ) RN o
M/ W TN ) — < _
Ve 7 )
] Y ~ X7
Y = NN/




10

~ ~
/ ©
M/w a
i ,
| \
gt )
N |
a /.
. / 9
- !
LO !
| |
| | o
L B
] _—

A

f(x

-12.5




3 oep vt
E < ]'CV\W,J«AJ

:> ~ N Sol
ﬁjsjﬁ?/\/\

¥y



— ad® 4+ br + ¢

—5=a0+ b + ¢
30 = a(5*)F b5 + ¢
515 = a(10%)+ b10 + ¢
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A(x) = ap + a1z + azx”
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FE'T

input: @, A1,A2,...,An_1

———————— 0

Alx) = ap + a1z + ax” + -+ -+ 0@—133"’_1

output:A(wp> / 'AV<"J‘> ,A(“”/) Acuf/\> /) ﬂ(ff’!t?acj/ (Ja:q')'\f



FET

input: ap,d1,2, ..., Upn—1
A(SIZ) = ag + A1 + a2332 S an—ll'n_l

output: evaluate polynomial A at (any) n different points.
» N points on a curve

Alcymy |~
s VAN




L ater, we shall see that the same
ideas for FF1T can be used to
mplement Inverse-Fr1.

nverse FFT: Given n-points, — </« ]QM’“
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L ater, we shall see that the same
ideas for FF1T can be used to
mplement Inverse-Fr1.

nverse FFT: Given n-points,

Yo, Y1y .-y Yn—1

find a degree n polynomial A such that
yi = Aw;)




A<x) = ag + a1 + an)jQ + .. 4 Cln_1aj‘n_1

Brute force method to evaluate A at n points:



solve the large problem by

solving smaller problems

and combining solution
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A(Z) = ap + A1 + a2332 4+ ..o 4 an_lxn—l

g
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2 —1
A(CE) = ap + a1 + axx” + -+ Cln_l.fl?n
= ag + a0’ + agx* + -+ a,_ox" 2

3 5 1
+ai1x + azx” +asx’ + -+ ap_1x"

______________________________________________________________________________________________________________________________
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A(z) =

-_—

A (z?) + A, (x%)

suppose we had already had eval of Ae,Ao on {4,9,16,25}

| Aca) Ao(a) |

Ald) = Ao () + 2 Ao (%)
A(-2) = Ae() - 2 Ay (4)



A(x) = Ao (z®) + A, (x%)
suppose we had already had eval of Ae Ao on 14,9,16,25}

A fuale a7l f Ae,ﬁo - Z%/oo‘m“*)
)

A E 6) A 52 . J Then we could compute 8 terms:

— @Q)ZA()JFQA (4)
A(=2) = Ac(4) + (—2)Ao(4)
A(3) = A.(9) + 34,(9)

A(=3) = Ac(9) + (=3)A,(9)

AW, ACH, AG), AGS)




FFT(f=al1,...,nD

Evaluates degree n poly on the nt™ roots of unity

- € o< 6T (Ae) /) ELLT
- D & FFT(AY /) oL - "Te

<b\/\(2/4 ODW\C)J\Q
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T(n)= 2TC)+ &)
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ROOots of unity

@ =15

should have n solutions

what are they?



Remember this?




' =1 P =4

——

the n solutions are:

. 271 2712 271 2mi(n—1
consider {1,6 7TZ/’TL7€ T /n’6 7723/er7 e wi(n )/n} i ﬂL o

N —_—

Z ZTE(”V\)%
6 = 0 ... n-|
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n ___
r =1
the n solutions are:

consider 627T’ij/n for j=0,1,2,3,...,n-1
|:€(27r’i/n)j} n: [6(27r'1l/n)n]j _ [627”.]'7. _ 1J

27T

(/Q Z@/n) = wj,n is an nth root of unity

Won,W2ny++yWn—1n




W/ :
hat IS this number?

27119
e 17/ n
- (W .
7,1 is an nth root of
unity

(&

=
coS(x) 4 - sin (y>
(L/ajtw @;((w\ﬁw}



laylor series expansion

of a function f around point a

f) = f@) + LDy )+ L8 a2 L8 a2

el =

around O



What Is this number?

627Tij/n B wj)’n/ is an n'h root of unity
e = cos(x) + isin(z)
iiﬂ” = cos(2mtj/n) +isin(27j/n)
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271 /.

= W ,] Nq) is an nth root of unity

wOa”’ w2,n7 *oe 7wn—1,n

Lets compute W1 8
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Compute all 8 roots of unity

Then graph them



roots of unity
r’ =1

should have n solutions
>/ = cos(2mtj/n) +isin(27j/n)
W1.8

Wo.n




squaring the n™ roots of unity

L
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squaring the n™ roots of unity
" =1 2 =1

W1.8
Wo,4




Thm: Squaring an nt" root produces an n/2" root.

1 0
example: W1,8 = <\/§ | \/§>




Thm: Squaring an nt" root produces an n/2" root.

{17 62772'(1/77,)7 627m'(2/n)7 627m'(3/n)7 o e27m'(’n,/2)/’n, 627m'(n/2—|—1)/n’ L 627T’i(n—1)/n}

)




A(x) = Ao (z®) + A, (x%)

evaluate at a root of unity



A(x) = Ao (z®) + A, (x%)

evaluate at a root of unity

A(wipn) = Ae(w2 ) + wi,nAO(wQ )

1,1 1,1
th
nf r O.Ot n/2th root n/2th root
of unity of unity of unity




FFT(f=al1,...,nD

Evaluates degree n poly on the nt roots of unity



FFT(f=alr,...,n}

4 )

Base case If n<=2

E[. : ] <- FFT(Ae) // eval Ae on n/2 roots of unity
O[ : ] <- FFT(AO) // eval Ao on n/2 roots of unity

combine results using equation:

A(win) = Ae(win) -+ Wi,nAO(wz'z,n)

A(wi,n) — Ae (wi mod '77,/2,%) + w'i,nAo(w'i, mod 72,/2,%)

Return n points.
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application to mult
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application to mult
*

E a b C d

T'(n)=3T(n/2) +60(n)
@(nlog2 3)

q;
S 1|7 /8|9

N
his
S

J 4 || 3 || 2




b3

b2

b

bo



a3 || a2 || a) || ao * b3 || b2| b || bo

A(z) = ag + a1z + a2z® + asz® + 0z* + -+ + 02
B(x) = by + biz + b22% + bga® + 0z* + - - - + 0z

Alwo)  Alw1)  A(w2) Alwr)
B(wg)  B(wi1) B(ws2) B(wr)
Clwo) Clwi) Clws) C(wr)

C(x) =co+c1x+ cox” + -7




a3 || a2 || a) || ao * b3 || b2| b || by

A(x) = ap + a1z + agz” + agx® + -+ + 0x'
B(z) = by + bix + box® + b3z’ + - + 0z”

Awr) B(w1) C(w1)
A(wg) B(wg) C(wg)




Multiplying n-bit numbers



A GMP-BASED IMPLEMENTATION OF SCHONHAGE-STRASSEN’S
LARGE INTEGER MULTIPLICATION ALGORITHM

PIERRICK GAUDRY, ALEXANDER KRUPPA, AND PAUL ZIMMERMANN

ABSTRACT. Schonhage-Strassen’s algorithm is one of the best known algorithms for multi-
plying large integers. Implementing it efficiently is of utmost importance, since many other
algorithms rely on it as a subroutine. We present here an improved implementation, based
on the one distributed within the GMP library. The following ideas and techniques were
used or tried: faster arithmetic modulo 2" 4 1, improved cache locality, Mersenne trans-
forms, Chinese Remainder Reconstruction, the v/2 trick, Harley’s and Granlund’s tricks,
improved tuning. We also discuss some ideas we plan to try in the future.

INTRODUCTION

Since Schonhage and Strassen have shown in 1971 how to multiply two N-bit integers in
O(Nlog N loglog N) time [21], several authors showed how to reduce other operations —
inverse, division, square root, gcd, base conversion, elementary functions — to multiplication,
possibly with log V multiplicative factors [5, 8, 17, 18, 20, 23|. It has now become common
practice to express complexities in terms of the cost M (V) to multiply two N-bit numbers,
and many researchers tried hard to get the best possible constants in front of M (V) for the
above-mentioned operations (see for example [6, 16]).

Strangely, much less effort was made for decreasing the implicit constant in M (N) itself,
although any gain on that constant will give a similar gain on all multiplication-based op-
erations. Some authors reported on implementations of large integer arithmetic for specific
hardware or as part of a number-theoretic project [2, 10]. In this article we concentrate on
the question of an optimized implementation of Schonhage-Strassen’s algorithm on a classical
workstation.



Applications of FF 1
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Applications of FF 1
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String matching with *

ACAAGATGCCATTGTCCCCCGGCCTCCTGCTGCTGCTGCTCTCCGGGGCCACGGCCACCGCTGCCCTGCC
CCTGGAGGGTGGCCCCACCGGCCGAGACAGCGAGCATATGCAGGAAGCGGCAGGAATAAGGAAAAGCAGC
CTCCTGACTITCCTCGCTTGGTGGTTTGAGTGGACCTCCCAGGCCAGTGCCGGGCCCCTCATAGGAGAGG
AAGCTCGGGAGGTGGCCAGGCGGCAGGAAGGCGCACCCCCCCAGCAATCCGCGCGCCGGGACAGAATGCC

CTGCAGGAACTTCTTCTGGAAGACCTTCTCCTCCTGCAAATAAAACCTCACCCATGAATGCTCACGCAAG
TTTAATTACAGACCTGAA

Looking for all occurrences of

GGC*GAG*C*GC

where | don't care what the * symbol is.



