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Fast
FourierTransform









big ideas:
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degree  
polynomial

n points on a curve



a0, a1, a2, . . . , an�1

FFT
input: 

output:



a0, a1, a2, . . . , an�1

output: evaluate polynomial A at (any) n different points.
n points on a curve

FFT
input: 



Later, we shall see that the same
ideas for FFT can be used to 
implement Inverse-FFT.

Inverse FFT: Given n-points, 



yi = A(!i)

Later, we shall see that the same
ideas for FFT can be used to 
implement Inverse-FFT.

Inverse FFT: Given n-points, 

find a degree n polynomial A such that

y0, y1, . . . , yn�1



Brute force method to evaluate A at n points:



solve the large problem by
solving smaller problems
and combining solutions

T(n)=







A0(4)
A0(9)
A0(16)
A0(25)Ae(25)

Ae(16)
Ae(9)
Ae(4)

suppose we had already had eval of Ae,Ao on {4,9,16,25} 



A(2) = A
e

(4) + 2A
o

(4)

A(�2) = A
e

(4) + (�2)A
o

(4)

A(�3) = A
e

(9) + (�3)A
o

(9)
A(3) = A

e

(9) + 3A
o

(9)

suppose we had already had eval of Ae,Ao on {4,9,16,25} 
A0(4)
A0(9)
A0(16)
A0(25)Ae(25)

Ae(16)
Ae(9)
Ae(4)



FFT(f=a[1,...,n])
Evaluates degree n poly on the nth roots of unity



Last remaining issue:



roots of unity

should have n solutions
what are they?



e2⇡i = 1

Remember this?



consider for j=0,1,2,3,...,n-1



consider

is an nth root of unity=

for j=0,1,2,3,...,n-1



What is this number?
is an nth root of unity=



What is this number?
is an nth root of unity=

e2pij/n = cos(2p j/n) + i sin(2p j/n)



Why is this true?

is an nth root of unity=



is an nth root of unity=

Lets compute !1,8



Compute all 8 roots of unity

Then graph them



should have n solutions

roots of unity

e2pij/n = cos(2p j/n) + i sin(2p j/n)



squaring the nth roots of unity



squaring the nth roots of unity



!1,8 =

Fact: squaring an nth root produces an n/2th root

example:



!1,8 =

✓
1p
2
+

ip
2

◆

!2
1,8 =

✓
1p
2
+

ip
2

◆2

=

✓
1p
2

◆2

+ 2

✓
1p
2

ip
2

◆
+

✓
ip
2

◆2

= 1/2 + i� 1/2

= i

Fact: squaring an nth root produces an n/2th root

example:



roots of unity

squaring an nth root
results in an n/2th root

FACT: 



evaluate at a root of unity



A(!
i,n

) = A
e

(!2
i,n

) + !
i,n

A
o

(!2
i,n

)

evaluate at a root of unity

nth root 
of unity

n/2th root 
of unity

n/2th root 
of unity



FFT(f=a[1,...,n])
Evaluates degree n poly on the nth roots of unity



FFT(f=a[1,...,n])
E[...] <- FFT(Ae)    // eval Ae on n/2 roots of unity

combine results using equation:

O[...] <- FFT(Ao)    // eval Ao on n/2 roots of unity

Return n points.
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application to mult
7 8 9 4 3 21 1★

a b c dka
ra

ts
ub
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★a0a1a2a3 b3 b2 b1 b0



A(x) = a0 + a1x+ a2x2 + a3x
3 + 0x4 + · · ·+ 0x7

B(x) = b0 + b1x+ b2x2 + b3x
3 + 0x4 + · · ·+ 0x7

A(!0) A(!1) A(!2) A(!7)

B(!7)B(!0) B(!1) B(!2)

C(!2)C(!0) C(!1) C(!7)

C(x) = c0 + c1x+ c2x
2 + · · · c7x7

★a0a1a2a3 b3 b2 b1 b0

....

....

....



★a0a1a2a3 b3 b2 b1 b0



Multiplying n-bit numbers



Applications of FFT



Applications of FFT



418.127418.222 417.929 414.795 400.868408.15398.417 397.617 401.902 405.7328 411.8386



418.127418.222 417.929 414.795 400.868408.15398.417 397.617 401.902 405.7328 411.8386





Stairs(n)

return Stairs(n-1) + Stairs(n-2)

if n<=1 return 1



Stairs(5)

Stairs(4) Stairs(3)

Stairs(3) Stairs(2) Stairs(2) Stairs(1)

Stairs(2) Stairs(1) Stairs(1) Stairs(0) Stairs(1) Stairs(0)

Stairs(n)
ret Stairs(n-1) + Stairs(n-2)
if n<=1 return 1



initialize memory M

Stairs(n)

answer = Stairs(i-1)+ Stairs(i-2)

if n<=1 then return 1

return answer

if n is in M, return M[n]

M[n] = answer



Stairs(n)

answer = Stairs(i-1)+ Stairs(i-2)

if n<=1 then return 1

return answer

if n is in M, return M[n]

M[n] = answer

Stairs(5)



Stairs(n)

stair[i] = stair[i-1]+stair[i-2]
for i=2 to n

stair[0]=1
stair[1]=1

return stair[i]



initialize memory M

Stairs(n)



Stairs(n)

answer = Stairs(i-1)+ Stairs(i-2)

if n<=1 then return 1

return answer

if n is in M, return M[n]

M[n] = answer

Stairs(5)



Stairs(n)

stair[i] = stair[i-1]+stair[i-2]
for i=2 to n

stair[0]=1
stair[1]=1

return stair[i]



Dynamic
Programming



two big ideas



two big ideas

recursive structure

memoizing



wood cutting

http://www.amishhandcraftedheirlooms.com/quarter-sawn-oak.htm



http://snlm.files.wordpress.com/2008/08/bill-wakefield-and-carl-fie.gif



Spot price for lumber



Spot price for lumber
1” 2” 3” 4” 5” 6” 7” 8”



Log cutter dilemna
input to the problem: n, (p1, . . . , pn)

goal:



Observation



Solution equation



Approach

..... i0



BestLogs(                          ) n, (p1, . . . , pn)
if n<=0 return 0



BestLogs(                          ) n, (p1, . . . , pn)
if n<=0 return 0
for i=1 to n
Best[i] = max

k=1...i
{pk + Best[i� k]}



The actual cuts?



BestLogs(                          ) n, (p1, . . . , pn)
if n<=0 return 0
for i=1 to n
Best[i] = max

k=1...i
{pk + Best[i� k]}


