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FET

igut: 0107 0117 a27 . an—l M C@@{chfe/ﬁ\S
A(x) = ap + A1 + azxz 4+ .. 4 Cln_lain_l

output: f.d/ﬁv\v\];%\ m()m&j\@ o
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FET

input: 0,()7 &1, CLQ, c oo an—l
A(:Ij) = ag + a1 + a2$2 + ..+ an_lxn—l

output: evaluate polynomial A at (any) n different points.
y 1 points on a curve
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L ater, we shall see that the same
ideas for FF1 can be used to
mplement Inverse-FF1.

nverse FET: Given n-points,
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L ater, we shall see that the same
ideas for FF1 can be used to
mplement Inverse-FF1.

nverse FET: Given n-points,

Yo, Y1y .-y Yn—1

find a degree n polynomial A such that
yi = A(w;)
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Brute force method to evaluate A at n points:
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solve the large problem by

solving smaller problem
and combining solution

T=2T(4) « OCa]






2 —1
A(CE) = ap + a1 + axx” + -+ Cln_l.fl?n
= ag + a9x® + agx* + -+ ap_ox" 7

3 5 1
+ai1x + azx” +asx’ + -+ ap_1x"
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Alx) = Ae(mz) + $A0($22

suppose we had alreadyTlad eval of Ae Ao on 4,9, 16 25}
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A(x) = Ao (z®) + A, (2*)

suppose we had already had eval of Ae,Ao on {4,9,16,25}
Ae (4) AO (4)

Ae(9)  Ao(9)

A(16) Ao(16)

Ae(29) 40(25) A(z) = A (4) +24, (4)
A(=2) = A.(4) + (—=2)A,(4)
A(3) = Ac(9) + 3A,(9)
A(=3) = A,(9) + (—3)A,(9)




FFT(f=al1,...,nD

Evaluates degree n poly on the nt™ roots of unity

AR FETU%) (")
Or V¢« FFfI (/%) (")

chon fCue b usty Ale egetine
Alwz) = Ae(\f;‘cz) t W '/'H)(bi;z) - &Cm)



Last remaining issue:

\A)\AQAV g)o?/\j\ S WS



- roots of unity
- =1
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should have n solutions

e

what are they?




Remember this?
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627‘(‘2 — 1

consider 627Tij/n for j=0,1,2,3,...,n-1
|:€(27m'/n)j:| n: [6(271"1;/72)71]'7 _ [627?&']7 _ 1J

627TZ]/TL = w],n is an nth root of unity

Won,W2ny++yWn—1n




What is this number?

GZWZJ/n - w]’n is an nth root of unity
2T /n F
e e tos(amm ) ©osa(2mo

/ —_—



What is this number?

627Tij/n - wj7n is an nt root of unity
e = cos(x) + ¢ sin(x)
e?™I/M = cos(27tj/n) + isin(27j/n)



Why is this true?

2T1) /N -

e W ] ,7, isan nth root of unity



627”3/” - wjyn is an n'h root of unity

WOo,n,W2ny---yWn—1n

ANNLY
Lets compute W1 8 = - ) -~ 2N )
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Compute all 8 roots of unity

L Yarb

WI(%

Then graph them
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roots of unity
r’ =1

should have n solutions
2™/ = cos(27tj/n) + isin(27j/n)
W1,8

Wo.n




squaring the nt roots of unity
r’ =1

dh dh

N L/




squaring the nt roots of unity )
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Fact: squaring an nth root produces an n/2th root

example: w;g =
N\
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Fact: squaring an nth root produces an n/2th root

| .
example: W1,8 = (\/5 | \;§>

b= (e ) - () () ()
—1/241i—1/2

=1




roots of unity

FACT- squaring an n" root
results in an n/21 root .



A(z) = A (z?) + 2A,(z%)

A

evaluate at a root of unity



A(x) = Ao (z®) + A, (2*)

evaluate at a root of unity

Awin) = Ac(w?)) + win Ao(w?)

y

1,1
n/2th root n/2th root
of unity of unity
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FFT(f=al1,...nD) #
Evaluates degree n poly on the @™ roots of unity
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FFT(f=al1,...,n})

E[] <~ FFT(Ae) // eval Ae on n/2 roots of unity
O[] <~ FFT(AO) /I eval Ao on n/2 roots of unity

combine results using equation:

A(win) = Ae(wz'z,n) + wi,nAO(wiz,n)

A(wi,n) — Ae (wi mod '71/2,%) + w'i,"lAO(wi mod 71,/2,%)

Return n points.
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application to mult
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application to mult
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T(n)=3T(n/2) +60(n)
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a||22||ai |2 Y& |bs| b2 by bo A) = oo
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F(d =00 £ Grstanx ™ ¢ Az + O < 0asx
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a3 ||a2||a) || ao * b3 || b2|| b || bo

A(z) = ag + a1z + a2z® + asz® + 0z* + -+ + 02
B(x) = by + biz + b22% + bga® + 0z* + - - - + 0z

Awo)  Alw1)  A(w2) Alewr)
B(wo)  B(wi) B(ws) Blwr)
Clwo) Clwi) Clwo) C(wr)

C(x) =co+c1x+ cox” + -7




a3 ||a2||a) || ao * b3 || b2|| b || b

A(x) = ap + a1z + agz” + agx® + -+ + 0x'
B(x) = by + bix + box® +bzx® + - + 0z’

Awr) B(w1) C(w1)
A(wg) B(wg) C(wg)




Multiplying n-bit numbers
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Applications of FFT
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Applications of FFT
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Stairs(n)
if n<=1 return 1

return Stairs(n-1) + Stairs(n-2)



Stairs(n) if n<=I return I
ret Stairs(n-1) + Stairs(n-2)

Stairs(s)

Stairs(4) Stairs(3)

Stairs(3) Stairs(2) Stairs(2) Stairs(1)

Stairs(z2) Stairs(1) Stairs(z) Stairs(o) Stairs(z) Stairs(o)



initialize memory M

Stairs()
1f n<=1 then return 1

if n is in M, return M[n]
answer = Stairs(i-1)+ Stairs(i-2)

MIn] = answer
return answer



Stairs(n)

1f n<=1 then return 1 StalrS(S)
if n is in M, return M[n]
answer = Stairs(i-1)+ Stairs(i-2)

M[n] = answer
return answer



Stairs(n)

stair[0]=1
stair[l]=1

for 1=2 to n
stair[i] = stair[i-1]+stair[i-2]
return stair[i]



initialize memory M

Stairs()



Stairs(n)

1f n<=1 then return 1 StalrS(S)
if n is in M, return M[n]
answer = Stairs(i-1)+ Stairs(i-2)

M[n] = answer
return answer



Stairs(n)

stair[0]=1
stair[l]=1

for 1=2 to n
stair[i] = stair[i-1]+stair[i-2]
return stair[i]



Dynamic
Programming




two big ideas



two big ideas

recursive structure

+

memoizing



wood cutting

Quarter Sawn Regular Sawn
Log Log

http://www.amishhandcraftedheirlooms.com/quarter-sawn-oak.htm




http://snlm.files.wordpress.com/2008/08/bill-wakefield-and-carl-fie.gif




Spot price for lumber



Spot price for lumber



Log cutter dilemna

input to the problem: 1, (4, ..., Pn)

goal:



ODbservation



Solution equation



Approach




BestLogs(7, (p1,...,Pn))
if n<=0 return 0



BestLogs(7, (p1,---,Pn))

1f n<=0 return 0
for 1=1 to n

Best[1] = krillaxi{pk + Best|i — k|}



The actual cuts?



BestLogs(7, (p1,---,Pn))

1f n<=0 return 0
for 1=1 to n

Best[1] = krillaxi{pk + Best|i — k|}



