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merge-sort (A, p, r)

if p <

r

q— [(p+1)/2]

ME
ME
ME

rge-sort (4, p, q)
rge-sort (A4,¢+1,r)

ge(4,p,q,7)

MERGE(A[1 .. n],m):

1—1; j—m+1
fork—1ton
ifj>n
Blk] «— Ali]; i —i+1
elseif i > m
Blk] «— Aljl; j—j+1°
else if Afi] < Alj]
Blk] — Ali]; i —i+1 \
else

BIk] — Aljl; j—j+1]

fork — 1ton

jeff erickson

Alk] < BIK]




Karatsuba(ab, cd)

Base case: return b*d if inputs are 1-digit

e

ac = Karatsuba(a,c)

bd = Karatsuba(b,d) \
\

t = Karatsuba((a+b), (c+a)\ %"
mid =1 - ac - ba
RETURN ac™100? + mid*100 + bo

3T (n/2) +

4n
3N
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Closest(P,SX,SY)
Let g be the middle-element of SX
Divide P into Left, Right according to g

delta,r,j = MIN(Closest(Left, LX, LY) Closest(Right, RX, RY))

Mohawk = { Scan SY, add pts that are delta from q.x }

For each point x in Mohawk (in order):

Compute distance to its next 15 neighbors
Update delta,r,j if any pair (x,y) is \delta

Return (delta,r,)) Can be reduced to 7!



arbit+ (A[1l...n])

base case 1f W§|<=2,
(lg,minl,maxl) = arbit(left (A))
(rg,minr,maxr) = arbit (right (A)

€ (

return max{maxr-minl, lg, rg},
min{minl, minr},
max{maxl, maxr}




:R%}fl@z;ﬁgpfi AF + BH s=p

CE+ DG C’F+DH

P5+P1 3-—P7

[strassen]
P, =A(F - H)

P, =(A+B)H
P;=(C+D)E
P, = D(G — E)
Ps=(A+ D)(E + H)
Ps = (B - D)(G+ H)
P;=(A-C)(E+F)




FFT(f=alr,...,n}

4 )

Base case If n<=2

E[. : ] <- FFT(Ae) // eval Ae on n/2 roots of unity
O[ : ] <- FFT(AO) // eval Ao on n/2 roots of unity

combine results using equation:

A(win) = Ae(win) -+ Wi,nAO(wz'z,n)

A(wi,n) — Ae (wi mod '77,/2,%) + w'i,nAo(w'i, mod 72,/2,%)

Return n resulting values.




Fourier
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FET

input: ap, ’/1,@2,.. y Uy — 1
ziLx) = ap+ a1 —I— az:zt + -0 an—lain_l

output: evaluate polynomial A at (any) n different points.

: N ts ol o
» N points on a curve oo A

Al)fmey |- .
o




A(x) = ag + a1 + a2x2 4.4 Qn—lflfn_l

Brute force method to evaluate A at n points:



fl/(__@) = ap T+ A1 + CLQCCQ —+ -+ a/n_ll'n_l

— 2 4 _
= ag + apr? + agx® + -+ ap_o2" 7

Ta1x +93$3 ‘*‘\CZSCU5 + -+ an_lx"_l
46(2{) — Ay asxl + a4fp2 I I anx(n—Q)/Q | NOQ%RQ
AO(:E) — a aszxr —+ CL5£E2 = i an_lx(n_z)/Q
M«; _______________________________ o besvie 2 O 2 ----------
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ﬁT(Ea{x,...,n})

Evaluates degree n poly on the nth

P —
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roots of unity

- € e et (he) /N ELLU)

- o e erT(h) 4 oL )

o A = AT 2 Al
238

Ax_l) - N /0

N~

-\

=

7%

),

Ta)= 27+ 60)

7(3)
7(%)

<& O



ining | - Whi i ?
Last remaining issue: Which points to use” Vel Mo b

/sjj(/\) %uw Qlﬁj

ROOtS of unity (wa}
r’ =1

should have n solutions

what are they?



because

r =1

the n solutions are:

<17€ ) ) )

21 /n 62777,2/n 6277@3/n .

. 627T7j(n—1)/n}

627-‘-7/ — 1 ZJ(P(\ [J\évﬁﬁb/

_  —

215 \S/fr) g



n ___
r =1
the n solutions are:

consider 627Tij /n for j=0,1,2,3,...,n-1

{e(zwi/n)jr: [6(27r'i/n)n]j _ [627”']-7 Y

6271'7,]/n B w],n is an nth root of unity

Won,W2ny++yWn—1n




What Is this number?

627”9/” B wj,n is an n'h root of unity




laylor series expansion

of a function f around point a

)|f/()( f//()( )2|fm()(

2
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What Is this number?

627Tij/n B wj7n is an n'h root of unity
e = cos(x) + ¢sin(x)
o>/ = cos(27tj/n) + isin(27j /n)

N —




27T1) /.

€ = W ] 7, is an nth root of unity
9

WOo,n,W2ny---yWn—1n

Lets compute W1 8

e = CDS(ZT\ l/a) 4 1 s (’m ‘/»D)




Compute all 8 roots of unity ¢

\ =
I\YL{ JZ/ \(/ \«)Zl%
9
1 L

s b ° W), 3% Tz T T2

Then graph them



roots of unity
r’ =1

should have n solutions

>/ = cos(2mj/n) + isin(27tj/n)

W1.8

Wo.n

2



squaring the n™ roots of unity

n @/2)% costs L o
r =1 r

. l . >Z ]
\V C —
e — L




Thm: Squaring an nt" root produces an n/2" root.

1 0
example: W1,8 = <\/§ | \/§>




squaring the n™ roots of unity
" =1 2 =1

W1.8
Wo,4




Thm: Squaring an nt" root produces an n/2" root.

2 /Nrnl)/n

{1,6 7m'(1/n)7€27m'(2/n)7627m'(3/n)7 . .762772'(7’1,/2)/77, e27r7$(fn,/2—|—1)/fn, .e

e Y Y
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Thm: Squaring an nt" root produces an n/2" root.

{17 2mi(1/n) 2mi(2/n) 2mi(3/n)  2mi(n/2)/n 2mi(n/241)/n 627Ti(n—1)/n}
1 2riC/n/2)  2mi2/ /D) 2mi(3/(n/2) 1

2mi((n/2)+1/(n/2))

_ 62777}(1—|—1/(n/2))

— 1. 2mi(1/(n/2))
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A(x) = Ao (z®) + A, (x%)

evaluate at a root of unity

ﬁé(wzn) — Ae(WQ ) + wi,nAO(WQ )

1,1 1,1
th —
nf r O.Ot n/2th root n/2th root
of unit of unity of unity
(eCurs
it
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FFT(f=al1,...,nD

Evaluates degree n poly on the nt roots of unity
D p

,_Lj; Aé—/ gFT<A€> //?u&ﬂg ofp/%/eeg 5 M =
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FFT(f=alr,...,n}

4 )

Base case If n<=2

E[. : ] <- FFT(Ae) // eval Ae on n/2 roots of unity
O[ : ] <- FFT(AO) // eval Ao on n/2 roots of unity

combine results using equation:

A(win) = Ae(win) -+ Wi,nAO(wz'z,n)

A(wi,n) — Ae (wi mod '77,/2,%) + w'i,nAo(w'i, mod 72,/2,%)

Return n resulting values.
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A(z) = azz® + asx® + a1x + ag

R—

B(.CE) — bgiEB + b2£132 + bll‘ + b()

(Cbgbg T a2b3)$5‘|—

(&3[)1 T CLQbQ T a1b3)334—|—

(asbo + agb1 + ai1bs + aobs)SESJr
(

(

CLQbO T a1b1 T a0b2)$2—|-
CL1b() T a0b1)$+




y=2x+1

457

_40¢b

35T

30T




|.v=2x2 +3x +1
A

5.6

6.4




a3 || a2 || aj || ao * b3 || b2 || bi || bo

C— — -
A(z) = ag + a1z + asx® + azx® + 0x* + 0z° + 02° + 0z” o rHe Noph s en A ply

/

B(x) = bo + b1z + box® + bgz” + 0z + 02 + 02° + 0z




az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CIZ) — b() -+ blﬂl’ -+ bQCBQ -+ bgiL’S -+ 05134 -+ 05135 -+ 0336 -+ 0513‘7

Awo)  Alw1)  A(w2) A(wr)

e




az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CIZ) — b() -+ blﬂl’ -+ bQCBQ -+ bgiL’S -+ 05134 -+ 05135 -+ 0336 -+ 0513‘7

A(WQ) A(c;ul) A(CUQ) A(C:)7) EFET




az || a2 || a1 || ao * b3 || b2|| bi || bo

A(z) = ag + a1z + asx® + azz® + 0z* 4+ 02° + 02° 4 02

B(CB) — b() -+ blﬂl’ -+ bQCBQ -+ bgiL’S -+ 05134 -+ 05135 -+ 033‘6 -+ 0513‘7

Alwg)  A(wr)  Alws) A(w7) EET
B(wy)  B(wi) B(ws) B(w7) EFET
Clwo)  C(w1) C(w2) C(wr)




a3 a2

d| a0

*

b3

b2

b,

bo

2 3 5 | - i
Ox Ox Ox
2 asx
a1xX Aol
A(ZIZ‘) ao

— —+ —+ - - —+ X Ox
9 bax Ox Ox
box
blﬂl’ 3

T ———

2 ...
() = co + c17 + co
C(r) = + e

A(w7) EET

O

B(w7) FET




karatsuba

application to mult
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application to mult




—=5 16 34 60 61 52 32

1 2 3 4 [ | [ | [ |
5 6 7 8
8 16 24 32
7 14 21 28 ——
6 12 18 24
5 10 15 20

1234 5678

Split and zero pad Split and zero pad

-d

3|]2|]1|]0jJ0]0]}]0 8|7|]6|5|]0)j0|0}0
FFT (In 2);7W\Ug-85) FFT (in Z,,'p with U‘IBS)
32429& 126 2 |271] 43301 26|24 293{322 2 |83|43)27

Recursive pointwise multiplication (mod 337)

2601450173132 4 [251)164138 32

52

Inverse FFT o1
—>»{32|52|61]60|34[16]| 5| 0 33"

Recombination (carrying) | 16

7006652 7006652

https://en.wikipedia.org/wiki/File:Integer multiplication by FFT.svg

Schénhage—Strassen 71 O(nlognloglogn)

e ——————

\Furer ‘07 O(nlog(n)2'°s (M)




A GMP-BASED IMPLEMENTATION OF SCHONHAGE-STRASSEN’S
LARGE INTEGER MULTIPLICATION ALGORITHM

PIERRICK GAUDRY, ALEXANDER KRUPPA, AND PAUL ZIMMERMANN

ABSTRACT. Schonhage-Strassen’s algorithm is one of the best known algorithms for multi-
plying large integers. Implementing it efficiently is of utmost importance, since many other
algorithms rely on it as a subroutine. We present here an improved implementation, based
on the one distributed within the GMP library. The following ideas and techniques were
used or tried: faster arithmetic modulo 2" 4 1, improved cache locality, Mersenne trans-
forms, Chinese Remainder Reconstruction, the v/2 trick, Harley’s and Granlund’s tricks,
improved tuning. We also discuss some ideas we plan to try in the future.

INTRODUCTION

Since Schonhage and Strassen have shown in 1971 how to multiply two N-bit integers in
O(Nlog N loglog N) time [21], several authors showed how to reduce other operations —
inverse, division, square root, gcd, base conversion, elementary functions — to multiplication,
possibly with log V multiplicative factors [5, 8, 17, 18, 20, 23|. It has now become common
practice to express complexities in terms of the cost M (V) to multiply two N-bit numbers,
and many researchers tried hard to get the best possible constants in front of M (V) for the
above-mentioned operations (see for example [6, 16]).

Strangely, much less effort was made for decreasing the implicit constant in M (N) itself,
although any gain on that constant will give a similar gain on all multiplication-based op-
erations. Some authors reported on implementations of large integer arithmetic for specific
hardware or as part of a number-theoretic project [2, 10]. In this article we concentrate on
the question of an optimized implementation of Schonhage-Strassen’s algorithm on a classical
workstation.
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String matching with *

ACAAGATGCCATTGTCCCCCGGCCTCCTGCTGCTGCTGCTCTCCGGGGCCACGGCCACCGCTGCCCTGCC DV R SEG vt
CCTGGAGGGTGGCCCCACCGGCCGAGACAGCGAGCATATGCAGGAAGCGGCAGGAATAAGGAAAAGCAGC
CTCCTGACTITCCTCGCTTGGTGGTTTGAGTGGACCTCCCAGGCCAGTGCCGGGCCCCTCATAGGAGAGG %ﬁ

AAGCTCGGGAGGTGGCCAGGCGGCAGGAAGGCGCACCCCCCCAGCAATCCGCGCGCCGGGACAGAATGCC

CTGCAGGAACTTCTTCTGGAAGACCTTCTCCTCCTGCAAATAAAACCTCACCCATGAATGCTCACGCAAG
TTTAATTACAGACCTGAA

Looking for all occurrences of O( Lf & (/'Aj

GG&AG@@C N /\/\ﬂ\‘lm. lDﬁ' fDé ~ O(:r
= = 1

where | don't care what the * symbol is. 5
07 (rj({b*) = 1p°

P
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problem: given a list of n elements, find the element
of rank/n/2\ (half are larger, half are smaller)
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problem: given a list of n elements, find the element

of rank@72. (half are larger, half are smaller)
can generalize to |

first solution: sort and pluck.

O(nlogn)




problem: given a list of n elements, find the element
of rank I.

/

key insight:
we do not have to “fully” sort.
_ semi sort can suffice.” T




pick first element
partition list about this one
see where we stand



: review: how to partition a list :




: review: how to partition a list :

/t

GOAL.: start with THIS LIST and END with THAT LIST

S0008eeeese | | | /[ [ [ ]
L A
less than — N — greater than
le T




| |, review: how to partition a list




review: how to partition a list
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: review: how to partition a list :




: review: how to partition a list :

M




review: how to partition a list
5 )

lecq Al Srea Ara



review: how to partition a list

<E

TN TN TN TN TN TN TN TN TN / ~ / ~ / ~ / ~ / ~ / ~ / ~ T/~ T~ T~ o~
Y Y Y Y N Y Y Y Y Y Y )
I I I I I I I I I I I I I I I |
A A A A A A A A A A A 4
SN— N — N v SN S N S S~ — / s / S / S /

\/\ /\ /\ = NN SN SN ==

%

N N N N \
| I I I I | | I I I I I I I I I I |
\ A A A A A A A A

~N— NN v v N N N N N N N~ — /\ /\/ \/\ = R TN R SN SR SR

partitioning a list about an element takes linear time.
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R
select (¢, A[1,...,n]) indox & dh ot

A= 2
oy AL oM JO/WJAW Gre et <ﬁf'7/)-
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select (i, A[l,...,n])

nandle base case.

oartition list about first element -
if pivot p is position i, return pivot— ¢V

else if pivot p is in position > i select (¢, A[1,...,p —1])
else select (i —p—1),Alp+1,...,n|) 7

_—

D)

)= KT3) &) = O,

-




Assume our partition always
splits list into two eqgl parts

select (i, A[l,...,n])

handle base case.

partition list about first element

If pivot is position |, return pivot

else if pivot is in position >i  select (4, A[1,...,p —1])
else select ((1—p—1),Alp+1,...,n])




. Assume our partition always
select (4, 4[L,...,n]) splits list into two eql parts
handle base case.

partition list about first element

If pivot is position |, return pivot

else if pivot is in position >i select (¢, A[l,...,p —1])

else select ((1—p—1),Alp+1,...,n])

T(n)=T(n/2)+ O(n)

O(n)



problem: what if we always pick bad partitions?




oroblem: what if we always pick bad partitions”




oroblem: what if we always pick bad partitions”




poroblem: what if we always pick bad partitions”

T(/\) = T(ﬂv@ gl @GJ — @(ij
) T(w?) 1 Otn)




select (i, A[l,...,n])

handle base case.

partition list about first element

If pivot is position |, return pivot

else if pivot is in position >i  select (4, A[1,...,p —1])
else select ((1—p—1),Alp+1,...,n])



select (i, A[l,...,n])

handle base case.

partition list about first element

If pivot is position |, return pivot

else if pivot is in position >i  select (4, A[1,...,p —1])
else select ((1—p—1),Alp+1,...,n])

\{ W& fv jj
T(n)=T(n—-—1)+ O(n) ret nd

ot T ))
2 it e |
@ Tl




Neeoed:

a good partition element

partition (A[l,...,n|) DI

S—— —
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Neeoed:

a good partition element

partition (A[L,...,n]) produce an element where
30% smaller, 30% larger




solution:
pbootstrap

55 Flpl =
it




partition (A[1

L]

)




partition (A[L,...,n])

m ] ) ) ] \m ] ) ) ] \“
\_«J\_«J\_«J\_«J\_« \_«J\_«J\_«J\_«J\_«




partition (A[1,...,n|)




partition (A[1,...,n]

median of
each group

form a
smaller list

selec

/7
- @
use the median of this
smaller list as the

partition element




partition (A[1,...,n])

m ] ) ) ] \m ] ) ) ] \“
\_4J\_4J\_¢J\_4J\_a \_4J\_4J\_¢J\_4J\_a

o~



partition (A[1,...,n|)

QOO0 OOCOO 11 OO

~divide list into groups of 5 elements
~ find median of each small list
— gather all medians

call select(...) on this sublist to find median

return the result



partition (A[1,...,n|)

0000 T 0ooee T T 0o

divide list into groups of 5 elements —> O(~)
find median of each small list —_—5  ©(4)
gather all medians —n O )

/)
call selectg...) on this sublist to find median_~ S ( ~5)

return the result

P(n) = S([n/5]) + O(n)

—_—

—




a nice property of our partition
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a nice property of our partition
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a nice property of our partition
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a nice property of our partition




a nice property of our partition

3 ( _%WM— _ 2)

3n
> — — 6
— 10

)

N%o (o

this implies there are . _ :
at most Tn numbers —

0

larger than W
/smaller




a nice property of our partition






select (i, A[l,...,n])



M

p
select (i, A[l,...,n])

handle base case for small list
else pivot = FindPartitionValue A n) W“‘ - S (i’l') + O
partition Tist about PIVOt —— 5¢.)
If pivot is position i, return pivot
@Ise f pivot is in position > i select (¢, A[1,...,p —1]) S( =)
ISe select ((i—p—l),A[P—l— 1,...,n]) 0 %é)

St= SED S (Ga)s o0 = O,

3 —_

1







FindPartition (A[l, ceey n])

QOO0 OOCOO 11 OO

divide list into groups of 5 elements
find median of each small list
gather all medians

call select(...) on this sublist to find median
return the result

P(n) = 5(In/5]) + O(n)




M

p
select (i, A[L,...,n])

handle base case for small list

else pivot = FindPartitionValue(A,n)

partition list about pivot

If pivot is position i, return pivot

else if pivot is in position >i  select (4, A[1,...,p —1])
else sglect ((i—p—1),Alp+1,...,n])

S(n) =8([n/5]) + O(n) + S(7n/10 + 6)




M

p
select (i, A[L,...,n])
handle base case for small list
else pivot = FindPartitionValue(A,n)
partition list about pivot
If pivot is position i, return pivot
else if pivot is in position >i  select (4, A[1,...,p —1])
else select ((i —p—1),Alp+1,...,n])

S(n) =8([n/5]) + O(n) + S(7n/10 + 6)

O(n)










Stairs(n)
if n<=1 return 1

return Stairs(n-1) + Stairs(n-2)



Stairs(n) if n<=I return I
ret Stairs(n-1) + Stairs(n-2)

Stairs(s)

Stairs(4) Stairs(3)

Stairs(3) Stairs(2) Stairs(2) Stairs(1)

Stairs(z2) Stairs(t) Stairs(1r) Stairs(o) Stairs(r) Stairs(o)



initialize memory M

Stairs()
1f n<=1 then return 1

if n is in M, return M[n]
answer = Stairs(i-1)+ Stairs(i-2)

MIn] = answer
return answer



Stairs(n)

1f n<=1 then return 1 StalrS(S)
if n is in M, return M[n]
answer = Stairs(i-1)+ Stairs(i-2)

M[n] = answer
return answer



Stairs(n)

stair[0]=1
stair[l]=1

for 1=2 to n
stair[i] = stair[i-1]+stair[i-2]
return stair[i]



initialize memory M

Stairs()



Stairs(n)

1f n<=1 then return 1 StalrS(S)
if n is in M, return M[n]
answer = Stairs(i-1)+ Stairs(i-2)

M[n] = answer
return answer



Stairs(n)

stair[0]=1
stair[l]=1

for 1=2 to n
stair[i] = stair[i-1]+stair[i-2]
return stair[i]



Dynamic
Programming



two big ideas



two big ideas

recursive structure

+

memoizing



wood cutting

Quarter Sawn Regular Sawn
Log Log

http://www.amishhandcraftedheirlooms.com/quarter-sawn-oak.htm




http://snlm.files.wordpress.com/2008/08/bill-wakefield-and-carl-fie.gif




Spot price for lumber



Spot price for lumber



Log cutter dilemna

input to the problem: 1, (4, ..., Pn)

goal:



Observation



Solution equation



Approach




BestLogs(7, (p1,...,Pn))
if n<=0 return 0



BestLogs(7, (p1,---,Pn))

1f n<=0 return 0
for 1=1 to n

Best[i] = kIB?Xi{pk + Best|i — k|}



The actual cuts?



BestLogs(7, (p1,---,Pn))

1f n<=0 return 0
for 1=1 to n

Best[i] = kIB?Xi{pk + Best|i — k|}



