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simple graph questions

what is the length of the path from a to e?



 

 



shortest path property
definition:

length of the shortest pathfrom
s using edges in G to r

sum of the weights along the

edges on the path

By convention we set thisto 00

if there is no path from Sto v



shortest path property
definition:

Length of the shortest path from s to v, 
set to  if there is no path from s to v∞
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Algorithm
Dijkstra G w s SEV

Initialize du 00 for VES Is 0

Add all nodes to Q

while Q is not empty
u extractmin Q
for each neighbor of u E Fe CarlGE

if dat wluv s du
du dat w un
decrease

key v du



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .
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Very similar structure
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v))

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Elgort or OC Etv log



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .

7

running time

The running time is 
 because 

each DecreaseKey 
operation is called at 
most once on each 
edge.

Θ(E log V)



why does Dĳkstra work?
⇤(u, v) ⇥ E, �(s, v) � �(s, u) + w(u, v)

dv � �(s, v)

triangle inequality: 

upper bound:

spfoam stor yspfrom stoa

Def of the shortestpath

du begins at 00 So this is true at the start

AND we only update do in the algorithm in line to

if we have identified a node a sot datwind
is smaller



Theorem
Given any weighted directed graph  with non-negative 
weights, and a source ,  terminates with 

 for all .

G = (V, E)
e Dijkstra(G, s)

du = δ(s, v) v ∈ V

Prod Let S be the set ofnodes not
in Q

At line 5 S is empty

Property for all res du desu

At line 5 this property holds



Theorem
Given any weighted directed graph  with non-negative 
weights, and a source ,  terminates with 

 for all .

G = (V, E)
e Dijkstra(G, s)

du = δ(s, v) v ∈ V

Let S be the set of elements not in Q. 
At the beginning, this set is empty.



Theorem
Given any weighted directed graph  with non-negative 
weights, and a source ,  terminates with 

 for all .

G = (V, E)
e Dijkstra(G, s)

du = δ(s, v) v ∈ V

Let S be the set of elements not in Q. 
At the beginning, this set is empty.

Property 1: For all .v ∈ S, dv = δ(s, v)



Proof (cont) Suppose this property holds for the first i iterations of the loop.

Now consider the City't iteration of loop at line6
In line 7 the node u is removed from the Q

u is added to S
face At this point du dztwlz.ae for

somenode in V Since ZES atthisconsider
anypath Pfrom S

desdes e ultra
Let e xy be

thefirstedge on
pointsbythe inductive hypthes

the path p to cross the cut v s

Wip w sax t whey t why a
Since res

JCSx t WCtiy



Whp w sax t whey t why a
Since res

IH É
Because XES then dy Edes t twang
This implies

wept 7 dy t Nya
Because we used extractmin in Line 7 we know

da t dy
wep dat fly a

But fly a 70 and therefore we know that

every path from Siu has weight at least da

Thus du 8 Siu



Proof (cont) Suppose this property holds for the first i iterations of the loop.
2 New Proof

Let u be the node extracted on line 7. By lines, 9,10,11, it follows that du =
dz + w(z, u) for some node z 2 S. By the hypothesis, du = d(s, z) + w(z, u).

Consider any path p from s to u. Let e = (x, y) be the first edge on path p

that crosses cut (S, V � S). By lines 9,10,11 and the inductive hypothesis, dy 
d(s, x) + w(x, y). We now analyze the weight of path p:

w(p) = w(s ; x) + w(x, y) + w(y ; u)

� d(s, x) + w(x, y) + d(y, u)

Substituting from above, we have that

w(p) � dy + d(y, u)

However, by line 6, du  dy, and so

w(p) � du + d(y, u)

Since all edges have non-negative weight, d(y, u) � 0 and so

w(p) � du

which implies that du = d(s, u).
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