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simple graph guestions

WHAT IS THE LENGTH OF THE PATH FROM A TO E?






shortest patn property

DEFINITION:
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shortest path property

DEFINITION:

) (3’ 1 )) Length of the shortest path from sto v,
set to oo if there is no path fromsto v



shortest paths from a
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DUKSTRA(G = (V, E), s)

1 forallveV

2 do d, «+ o©

3 Ty, = NIL

4 dy<—0

5 @ < MAKEQUEUE(V) > use d, as key

6 while Q # ()

7 do u < EXTRACTMIN(Q)

8 for each v € Adj(u)

9 do if d, > dy, + w(u,v)
10 ~ then dy, — dy, + w(u,v)
11 Ty <— U
12 DECREASEKEY (Q, v)



Very similar structure

DUKSTRA(G = (V, E), 5) PRIM(G = (V, E))

for allv € V 1 Q<0 > Qisa Priority Queue

1

9 do d, — oo 2 Initialize each v € V with key k, < oo, m, « NIL
3 Ty —— NIL 3 Pick a starting node r and set k, « 0

4 ds <0 4 TInsert all nodes into Q with key k.

5 @ < MAKEQUEUE(V) © use d, as key 5 while Q # 0

6 while Q # 0 6 do u <« EXTRACT-MIN(Q)

7 do u < EXTRACTMIN(Q) 7 for each v € Adj(u)

S for eji(i)hi; CelvAj]d(::— w(.0) 8 do if v € Q and w(u,v) < k,
10 then d, — d, + w(u,v) 9 then m, —u
11 Ty — U 10 DECREASE-KEY(Q, v, w(u, v
12 DECREASEKEY(Q, v)

@CE(@U)) o 0O Eﬁ\/-[oj\/)



running time

DUKSTRA(G = (V, E), s)
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L\Dt—\\O@OO\I@Cﬂka[\DH

forallveV
do d, «+— o0

Ty —— NIL
ds «— 0
() — MAKEQUEUE(V) > use d, as key
while Q # ()
do u < EXTRACTMIN(Q)
for each v € Adj(u)
do if d, > dy, + w(u,v)
then d, «— d, + w(u,v)
Ty —uw
DECREASEKEY(Q, v)

The running time is

O(E log V) because

each DecreaseKey
operation is called at
most once on each
edge.



why does Dikstra work’/
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Theorem

Given any weighted directed graph G = (V, E) with non-negative
weights, and a source é, Dijkstra(G, s) terminates with

ﬂi = o(s,v)forallv € V.
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Theorem

Given any weighted directed graph G = (V, E) with non-negative
weights, and a source e, Dijkstra(G, s) terminates with
d, = o6(s,v)forallyv € V.

Let S be the set of elements not in Q.
At the beginning, this set is empty.



Theorem

Given any weighted directed graph G = (V, E) with non-negative
weights, and a source e, Dijkstra(G, s) terminates with
d, = o6(s,v)forallyv € V.

Let S be the set of elements not in Q.
At the beginning, this set is empty.

Property 1: Forallv € S, d, = 6(s, v).



Pro Of (cont)  Suppose this property holds for the first i iterations of the loop.
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PrO Of (cont)  Suppose this property holds for the first i iterations of the loop.

Let u be the node extracted on line 7. By lines, 9,10,11, it follows that d, =
d; +w(z,u) for some node z € S. By the hypothesis, d, = (s, z) + w(z, u).

Consider any path p from s to u. Let e = (x,y) be the first edge on path p
that crosses cut (S,V — S). By lines 9,10,11 and the inductive hypothesis, d, <
5(s,x) + w(x,y). We now analyze the weight of path p:

w(p) = w(s ~ x) + w(x,y) +wly ~ u)
> 6(s,x) + w(x,y) +6(y, u)

Substituting from above, we have that
w(p) = dy +6(y, u)
However, by line 6, 4, < d,, and so
w(p) = du+6(y,u)
Since all edges have non-negative weight, 6(y, u) > 0 and so
w(p) = du

which implies that d, = é(s, u).



