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simple graph questions

what is the length of the path from a to e?



 

 



shortest path property
definition:

q
length of the shortestpathfrom s too

I sum the weights of the edges

00 if there is No path from sur



shortest path property
definition:

Length of the shortest path from s to v, 
set to  if there is no path from s to v∞
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Algorithm
Dijkstra G s

Institute keysfor Vel du 00 Is O

Add all nods to a priorityqueue Q

while the Q is not empty
u Extractmin Q

for each neighbor vet of a that is in Q

if du dat w un

doe dat wluv
Tve Curl
Decreasekey vid



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .

7

where v E Q

ido



Very similar structure
prim(G = (V,E))
1 Q� ⇧ � Q is a Priority Queue
2 Initialize each v ⇤ V with key kv �⇥, �v � nil
3 Pick a starting node r and set kr � 0
4 Insert all nodes into Q with key kv.
5 while Q ⌅= ⇧
6 do u� extract-min(Q)
7 for each v ⇤ Adj (u)
8 do if v ⇤ Q and w(u, v) < kv

9 then �v � u
10 decrease-key(Q, v,w(u, v))

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)edu



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .

7

running time

The running time is 
 because 

each DecreaseKey 
operation is called at 
most once on each 
edge.

Θ(E log V)

and VEQ

dominantterm
once per edge at most



why does Dĳkstra work?
⇤(u, v) ⇥ E, �(s, v) � �(s, u) + w(u, v)

dv � �(s, v)

triangle inequality: 

upper bound:

one particularpathto w

from the definition of shortest paths

dobeginswith the value 00 So this condition holds at
the start
Weonly update do in line 10 when we have

determined that smut w un is less than the currentdu



Theorem
Given any weighted directed graph  with non-negative 
weights, and a source ,  terminates with 

 for all .

G = (V, E)
e Dijkstra(G, s)

du = δ(s, v) v ∈ V
I

I
Proof Let S be the set nodes not in Q

At line 5 S is empty

Property for all nodes uts
du des a

At line 5 this property holds

Suppose thisproperty holds after i iterations of loop6



Theorem
Given any weighted directed graph  with non-negative 
weights, and a source ,  terminates with 

 for all .

G = (V, E)
e Dijkstra(G, s)

du = δ(s, v) v ∈ V

Let S be the set of elements not in Q. 
At the beginning, this set is empty.



Theorem
Given any weighted directed graph  with non-negative 
weights, and a source ,  terminates with 

 for all .

G = (V, E)
e Dijkstra(G, s)

du = δ(s, v) v ∈ V

Let S be the set of elements not in Q. 
At the beginning, this set is empty.

Property 1: For all .v ∈ S, dv = δ(s, v)



Proof (cont) Suppose this property holds for the first i iterations of the loop.

w(p) = w(s, x) + w(x, y) + w(y, u)
I Jsix twlxiyltwly.eu
dx twisty why a

becauseXESand
ourproperty therefore

States assist dxz dy t why'd 2 because of lies 10thBut we alsoknow that dy7 da 2 Because we ran
Whp dat why e extractmin andreceived

Because all edgeshave to weight whya 20

Wip du du desu



Proof (cont) Suppose this property holds for the first i iterations of the loop.

Let u be the node extracted in line 7 Weknow that
Twstasdadetwcziut for somehole Zes
or es and this is the firstiteration which holds automatically

consider any path p from Sto ee immediatelybeforeline7

Let e xy be the first edge along p to cross thesets

ss Ty w p wlsixltwlx.gl t why u
7 OCSx t why twlycu



Proof (cont) Suppose this property holds for the first i iterations of the loop.
2 New Proof

Let u be the node extracted on line 7. By lines, 9,10,11, it follows that du =
dz + w(z, u) for some node z 2 S. By the hypothesis, du = d(s, z) + w(z, u).

Consider any path p from s to u. Let e = (x, y) be the first edge on path p

that crosses cut (S, V � S). By lines 9,10,11 and the inductive hypothesis, dy 
d(s, x) + w(x, y). We now analyze the weight of path p:

w(p) = w(s ; x) + w(x, y) + w(y ; u)

� d(s, x) + w(x, y) + d(y, u)

Substituting from above, we have that

w(p) � dy + d(y, u)

However, by line 6, du  dy, and so

w(p) � du + d(y, u)

Since all edges have non-negative weight, d(y, u) � 0 and so

w(p) � du

which implies that du = d(s, u).

6



breadth first search
input: (All edge weights are 1)
output:



breadth first search
input:

output:

smallest # of edges from s to v
dv = �(s, v)

(All edge weights are 1)



breadth-first search
 



breadth-first search



breadth-first search
 

 



breadth first search
input:

output:

smallest # of edges from s to v



breadth first search
input:

output:

smallest # of edges from s to v

Big Idea: like Dijkstra, but use a simpler data structure: Queue.



bfs(G, a)
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BFS theorem



BFS theorem
Thm: Let  be a graph and  a vertex.  After  
runs, then  for all nodes in the graph.

G s BFS(G, s)
dv = δ(s, v)



3 L19

Dijkstra(G = (V,E), s)
1 for all v ⇤ V
2 do du �⇥
3 ⇥u � nil
4 ds � 0
5 Q� makequeue(V ) � use du as key
6 while Q ⌅= ⇧
7 do u� extractmin(Q)
8 for each v ⇤ Adj (u)
9 do if dv > du + w(u, v)

10 then dv � du + w(u, v)
11 ⇥v � u
12 decreasekey(Q, v)

Theorem 4 Given any weighted, directed graph G = (V,E) with non-negative
weights and source s, dijkstra(G, s) terminates with du = �(s, v) for all v ⇤ V .

7
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What about Negative 
edge weights?
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where does old argument 
break down

Recall this line in our proof of Dijkstra:

w(p) = dy + w(y, u)

why a 70



where does old argument 
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2nd problem: cycles

S u

1 4 16 441
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i



first ideas: Add to each edge

S u
-3 7

Idea: add a constant to each edge so that all weights are non-negative

3
10



first ideas: Add to each edge

S u
-3 7

1
1

1

Idea: add a constant to each edge so that all weights are non-negative

O 10

4 y4 2
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first ideas: Add to each edge

S u
-3 7

1
1

1

Idea: add a constant to each edge so that all weights are non-negative

Problem: this can change the shortest paths of the graph.



shorti,v =

sssp(G,s)


