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What about Negative 
edge weights?
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where does old argument 
break down

Recall this line in our proof of Dijkstra:

w(p) = dy + w(y, u)Z

in previous graphs
we concluded that

wip da
O



where does old argument 
break down

S

x

y

u

e if this weight was
negative then
we cannotbe
certain that
some other
futurepath

doesnot have a shorter
route to a



2nd problem: cycles

S u

if G has negative weight cycles

iCFshortestpatasarewell defined
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first ideas: Add to each edge
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Idea: add a constant to each edge so that all weights are non-negative

if
In thenew graph the shortest path changes to
become the upperpath
So this idea doc not preserve shortestpath in G



first ideas: Add to each edge

S u
-3 7

1
1

1

Idea: add a constant to each edge so that all weights are non-negative

Problem: this can change the shortest paths of the graph.



shorti,v =

sssp(G,s)Is single source s shortest path ith ngedge
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else 0



shorti,v =

sssp(G,s)
Length of the shortest path from s to v that uses at 
most  edges.i

Two possibilities: to
use it edges togetfrom Stov L Icx.oShortie

yuse it edges to getto some
intermediate node x and
then use the edge xiu



shorti,v =

8
>><

>>:

1 i = 0
0 v = s

minx2V

⇢
shorti�1,v

shorti�1,x + w(x, v)

�

sssp(G,s)

Either the shortest path from s to v  
uses at most  edges or  
it uses at most  edges to  and then uses edge 

i − 1
i − 1 x e = (x, v)

T



max len of a simple path:

is V l

and so we only need to consider

Shorty a for every well



max len of a simple path:

The max length of a path from s to v is . 
Otherwise, the path contains a cycle.

|V | − 1



bellman-ford(G,s)

Shorton 00 for all veV
Shortas O

for it to V1 I

For each note ve V s

short v min
xeadjay

shortie u

shortie x t who



bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

�
shorti�1,v

w(x, v) + shorti�1,x

⇥

equivalentoops

we can rewrite this loop to instead loop
overdgergeef

of the graph for each edge e Cray
shorting min

Inshouti i s twley



bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

�
shorti�1,v

w(x, v) + shorti�1,x

⇥

bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E

5 do shorti,y = min

⇤
⌥

⇧

shorti�1,y

shorti,y

w(x, y) + shorti�1,x

⌅
�

⌃

9

y

what is the run time of this
algorithm
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bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

⇤
shorti�1,v

w(x, v) + shorti�1,x

⌅

bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E

5 do shorti,y = min

⇧
 

⌥

shorti�1,y

shorti,y

w(x, y) + shorti�1,x

⌃
⌦

�

bellman-ford(G, s)
1 ds ⇥ 0
2 ⇧v ⌅ V � {s}, dv ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E
5 do dy ⇥ min

�
dy, w(x, y) + dx

⇥

9

optimization
bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

�
shorti�1,v

w(x, v) + shorti�1,x

⇥

bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E

5 do shorti,y = min

⇤
⌥

⇧

shorti�1,y

shorti,y

w(x, y) + shorti�1,x

⌅
�

⌃
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bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each v ⌅ V � {s}

5 do shorti,v = minx⇥Adj (v)

⇤
shorti�1,v

w(x, v) + shorti�1,x

⌅

bellman-ford(G, s)
1 short0,s ⇥ 0
2 ⇧v ⌅ V � {s}, short0,v ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E

5 do shorti,y = min

⇧
 

⌥

shorti�1,y

shorti,y

w(x, y) + shorti�1,x

⌃
⌦

�

bellman-ford(G, s)
1 ds ⇥ 0
2 ⇧v ⌅ V � {s}, dv ⇥⇤
3 for i = 1, . . . , V � 1
4 do for each e = (x, y) ⌅ E
5 do dy ⇥ min

�
dy, w(x, y) + dx

⇥
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running time
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applications of BF



image: cheswick et al
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distance vector

image: hurricane electric

BGP uses a distance vector

ie Bf inspired
algorithm to

maintain shortestpaths
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all-pairs shortest path

First approach: run BF from each node. 
What is the running time?
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all-pairs shortest path

First approach: run BF from each node. 
What is the running time? O(EV2)



ashorti,j,k =

new approach to all-pairs

Length of the shortestpath between

nodes ii that only use intermediate
nodes I k



ashorti,j,k =

new approach to all-pairs

Length of the shortest path from  to  that only 
traverses nodes .

i j
1,…, k

l K l



i j

k

ashorti,j,k = Q: how does node k help in 
getting from i to j?

w i j if K o base case

min
ashorti j k e

ashorti.k.uytashortk.jpK l

Shorty
ashoatist

ashotri.jp Fusing the first
K l intermediatenode



ashorti,j,k =



ashorti,j,k =

8
<

:

wi,j k = 0

min

�
ashorti,j,k-1

ashorti,k,k-1 + ashortk,j,k-1
k � 1

9
=

;O



floyd-warshall(G,W)
INITIALIZE ashortij

OcuFor Kel to 101

for it to Iu

for j l to IVI

ashatigne min
eatin for
previous

slide


