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Max flow



“Consider a rail network connecting two cities
by way of a number of intermediate cities,
where each link of the network has a number
assigned to it representing its capacity. As-
suming a steady state condition, find a maxi-
mal flow from one given city to the other.”



Figure 4 From Harris and Ross [3]: Schematic diagram of the railway network of the Western Soviet Union and East Euro-
pean countries, with a maximum flow of value 163,000 tons from Russia to Eastern Europe and a cut of capacity 163,000 tons
indicated as ‘The bottleneck’

courtesy Alexander Schrijver



flow Networks

G=(V,E) cEZN  copudiy
source + sink:  Souree S€V/ sial +el.

capacities:

~—



flow networks

G = (V,E)

source + sink: node s, and t

capacities:  C (Ll p U)

assumed to be O if no (u,v) edge
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max flow problem

Given a graph G = (V, E) and capacities ¢ : £ — N, compute

At
o £



max flow problem

Given a graph G = (V, E) and capacities ¢ : E — N, compute

argmaxf|f|

.., the maximum flow over all valid flows.



greedy solution”




hundreds of applications

bipartite matching
edge-disjoint paths
node-disjoint paths
scheduling

baseball elimination
resource allocations

will discuss many of these applications soon



Algorithms for max flow



.. Residual graphs
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Residual graphs

Gf = (V,Ef)  Agraph derived from G and a valid flow f



Residual graphs

Gf = (V,Ef)  Agraph derived from G and a valid flow f

Same vertices, but difference edges:



example residual graph




why residual graphs 7
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augmenting paths

DEF: /) 1A o p) 1A the 752de ol
.@V[;uhﬂf/«)m s 4 % res j/p



augmenting paths

DEF: A path from s to 7 in the residual graph Gf



Ford-Fulkerson
G:=E), ¢

INITIALIZE f(u,0) «— 0Vu,v

WHILE EXISTS AN AUGMENTING PATH p IN Gf

AUGMENT fwiTH  ¢f(p) = (ﬂ%l;p cr(u,v)

























FORD-FULKERSON

INITIALIZE f(u,0) «— 0Vu,v

i@jHILE EXISTS AN AUGMENTING PATH p IN Gf

AUGMENT fwiTH  ¢f(p) = (ﬂ%l;p cr(u,v)

TIME TO FIND AN AUGMENTING PATH: () C C T\]>
6> DES

NUMBER OF ITERATIONS OF WHILE LOOP:
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Cuts
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roraNY f, (S, T) ITHOLDSTHAT‘f‘ < HS TH

EXAMPLE:



A property to remember
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roraNY f, (S, T) ITHOLDSTHAT‘f‘ < HS,TH
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augmenting paths



Thm: max flow = min cut
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max | f| rg/l;\H i

[F F 1S A MAX FLOW, THEN GF HAS NO AUGMENTING PATHS.
D(’YN\( e g@k -g: 2 Vv \ g o [)gﬁv,\ {jnm S ™MV ia Gf o Cf(/)}?af
&"}>@ 1= \[-S. @ se < } &,\(f 'bGT
% D(S,7) s thafore n ok
Sc‘\_g iR



thm max flow = min cut

— minl|S, T
me|f| rngnH i

@ Considtr Some we S C~"\ck AT
§lw = cCu. T ) fuen Cslua) 70
ad o ve S,

FU\MLW,

e @F(w, =0 v e U
\g\-vmz;[‘zm ST I O BN T

Tf ™t ven P"S*“r Thea Yhere wold Yo o
e sidocd e_o{éz Frow Y wit ¢

NZ Zfﬂ‘“’ ZZJC(,\’I“) Co w wid % ta Sh

Wes e

=7 Zctw) -0 = |5

VeT Jer

F(y,w) 70.



ford-tfulkerson

INITIALIZE f(u,0) «— 0Vu,v

WHILE EXISTS AN AUGMENTING PATH p IN Gf

AUGMENT fwiTH  ¢f(p) = (ﬂ%l;p cr(u,v)
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FORD-FULKERSON

INITIALIZE f(u,0) «— 0Vu,v

WHILE EXISTS AN AUGMENTING PATH p IN Gf

AUGMENT fwiTH  ¢f(p) = (ﬂ%l;p cr(u,v)

TIME TO FIND AN AUGMENTING PATH:

NUMBER OF ITERATIONS OF WHILE LOOP:















root of the problem
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¢(s,v) increases monotonically thru exec

G 5:41(0) = 65(0)




for every augmenting path, some edge is critical.
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critical edges are removed in next residual graph.
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key idea: how many times can an edge be critical?
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time i+1: (u,v) is critical: 5@-_’_1(37 fu) > (5i(57 u) +1
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time j: Edge (u,v) STRIKES BACK

C[SCS,@) = 6; Cg,\,>4(,;/\

&)v\,’(‘/\ 5 e\§0 o
S)/‘O/J({fr pv\:)ﬂ/‘



1 i41 ]
time i+1: (uv) is critical: ;4 4 (3’ rU)
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time j: Edge (u,v) STRIKES BACK
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time j: Edge (u,v) STRIKES BACK
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\ 4

1 i+1 ] k
time k: RETURN OF THE (u,v) critical
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O (s,u) > 0;(s,u) +2

QUESTION: How many times can (u,v) be critical?
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edge critical only times.

there are only =3 edges.
ergo, total # of augmenting paths: 0@5 \)>
time to find an augmenting path: O C = >

total running time of E-K algorithm:

O(e?v)



k¥ O(E[f™])

~

B OCE*V)
A PUSH-RELABEL  ()( & L) e \wm?fy
FASTER PUSH-RELABEL  ()( \/ 3> Vel

gobﬂ@wj—{h-a : O(W{in ?62(3) \}“L?EJ@ (’Kg)zj[b{))



Bipartite
Matchinegs



maximum bipartite matching




maximum bipartite matching
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pipartite matching
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algorithm
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correctness
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correctness
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I Integrality theorem

IF CAPACITIES ARE ALL INTEGRAL, THEN flo [~ ‘vaﬂaw Wil ave
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correctness

IF G’ HAS A FLOW OF K, THEN G HAS K-MATCHING.
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running time
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edge-disjoint paths
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algorithm




1. Compute max flow
2. Remove all edges with f(e) = O.

3. Walk from s.
1. If you reach a node you have visited before,

erase flow along path
2. If you reach t, add this path to your set, erase

flow along path.



analysis

IF G HAS K DISJOINT PATHS, THEN



analysis

IF G’ HAS A FLOW OF K, THEN



vertex-disjoint patns
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