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NAT)O\!AL RESIDENT MATCHING PROGRAM®

Appllcants and 1st Year Positions in The Match, 1952 - 2014
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Matched
. 2013 Prior Year
Applicant Type Graduates Graduates' Total
CMG 2571 74 2645
IMG 146 353 499
USMG 23 2 25
TOTAL 2740 429 3169
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SINGAPORE UNIVERSITY OF
TECHNOLOGY AND DESIGN

Established in collaboration with MIT
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Definition: matchings
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Definition: matchings

P={p.ps---sPn}
R —_ {1’1, 7‘2, ...,T‘n}

M — {(pila rjl)a EEX) (pin’ r]n)}

Each p; (r5) appears only one in a pairing.
A matching is perfect if every p; appears.
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Definition: preferences

P = {p19p2’ 9pn}
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Example: preferences

P = {plap29 9pn}

pi has a preference relation
on the set R
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IS this a stable match?
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Def instability
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Def |n8tab|l|ty

d@<o «o

There is a pair, not in the matching S, in which each party prefers
each other to their current matches in S.



= { (p1,l’1), (p2,r2), (pn’rn) }
IS a stable matching if

No unmatched pair (p*,r*) prefer
each other to their partners in M
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Example 2
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Prove: for every input
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&
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there exists a stable
matching.



oroposal algorithm
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StABLEMATCH(M, W, <, <)

1 Initialize all m, w to be FREE

2 while JFrEE(m) and hasn’t proposed to all W
3 do Pick such an m

4 Let w € W be highest-ranked to whom m has not yet proposed
5 if FREE(w)

6 then Make a new pair (m, w)
7 elseif (m', w) is paired and m’ <, m

8 do Break pair (m’,w) and make m’ free
9 Make pair (m, w)

0

10 return Set of pairs
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Proposal algorithm ends
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Proposal algorithm ends

O (n2 ) steps

each p; proposes at most once to each .
each p € P proposes at most n times.

size of M is at most 7.



The output Is a matching
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The output Is a matching

Each p € P appears at most once in the output.
Each r € R appears at most once in the output.

This follows directly from the pair lines in the code.
When a pair is made, the two participants are unmatched in each case.



StABLEMATCH(M, W, <, <)

Initialize all m, w to be FREE
while JrrReg(m) and hasn’t proposed to all W
do Pick such an m
Let w € W be highest-ranked to whom m has not yet proposed

1

2

3

4

5 if FREE(w)

6 then Make a new pair (m, w) |
7

8

9

0

elseif (m', w) is paired and m’ <,
do Break pair (m’,w) and make m’ free
Make pair (m, w)

10 return Set of pairs



StABLEMATCH(M, W, <, <)

1 Initialize all m, w to be FREE

2 while JFrEE(m) and hasn’t proposed to all W

3 do Pick such an m

4 Let w € W be highest-ranked to whom m has not yet proposed
5 if FREE(w)

6 then Make a new pair (m, w)
7 elseif (m', w) is paired and m’ <, m

8 do Break pair (m’, w) andi make m’ free

9 Make pair (m, w) @ |
0

return Set of pairs

1



Reviewers matches improve

Once a reviewer has been matched, they remain matched for the rest of the
execution. Their match either remains the same or improves.
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The output is pertect
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output Is perfect

it 9m, who is free, then

—Jw who has not been asked



The output is stable

Proof by contradiction.
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The output Is stable

Proof by contradiction.

Suppose the output M is not stable. That means there
exists an unmatched pair (p*, r*) & M such that
p prefers r* to their current match M(p*) and

r** prefers p™ to their current match M (7).



output Is stable
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output Is stable

Spse not. (p*,r),(p,r*) €M Butr <. r*andp <. p*
Consider the moment when r* is matched with p.

Since p* prefer r* then p* must have already
proposed to r* at the time of the proposal to r.

At that proposal to r* either:

r* was matched to p’, and r* preferred p’ to p* But since
reviewer matches only improve, this contradicts the
assumption that r* prefers p* to p.

r* was not matched and paired to p* but then broken and paired
with p. This contradicts the assumption that r* prefers p*.



Proposer wins
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Proposer wins
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Remarkable theorem

risvalid forp:  There exists a stable matching S in which (p,r) € S

_—
—

best(p):  best(p) is valid for p and there is no valid 7* such that best(p) <P r¥
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GS 18 Proposer-optimal.
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GS 18 Proposer-optimal.

Suppose that GS did not return a proposer-optimal matching S*.
Consider the first moment in GS when a proposer p is rejected by avalid match r.

This must also be ¥ = best(p) since p proposes in decreasing order. o

S K Output of GS
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GS 18 Proposer-optimal.

Suppose that GS did not return a proposer-optimal matching S*.
Consider the first moment in GS when a proposer p is rejected by a valid match .

This must also be r = best(p) since p proposes in decreasing order.

S' K Output of GS

p is matched with

/ another reviewer,
(p’ I") (p s I") And r is matched to
another proposer

’o
(p , r ) In this matching, p’ is
paired with r".



GS 18 Proposer-optimal.

Suppose that GS did not return a proposer-optimal matching S*.
Consider the first moment in GS when a proposer p is rejected by a valid match .

This must also be ¥ = best(p) since p proposes in decreasing order.

| S K Output of GS
p is matched with
/ another reviewer,
(p’ l") (p ? l") And r is matched to
ro another proposer
(P s I ) In this matching, p’ is
paired with r".

Since (p,r) is not in the output of GS, either r is already matched with a higher ranked p’, or r

breaks for a higher p’
Since (p,r) is valid, i.e. (p, r) € S§*, who is p’ paired with ? Let it be (p’, r").



GS matching vs P-opt

S* Output of GS
another reviewer,

(p’ 7") (p/’ I’) And r is matched to

another proposer

/ 124
(p , r ) In this matching, p' is
paired with r".

In GS, p’ could not have been rejected yet. Must be that p’ prefersrto r”.
This means (p'r") is an instability in S* This contradicts the assumption
that S* is a matching (recall, it was defined as the best matching for p).
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Not honest
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Not honest
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Certificate of optimality

maxax + y

8
10
—2
0

dx —y
2x +y
Sx — 2y
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Certificate of optimality

maxax + y

4x —y < 8

2x+y < 10 / 14x +7y < 70

Sx—2y = 2 - DX+ 2y <2
x,y > 0

Ox+ 9y < 72



Stigler diet

CALORIES
PROTEIN
CALCIUM
IRON
VITAMIN A
THIAMINE
RIBOFLAVIN
NIACIN

ASCORBIC ACID

3000
70g
.8g

| 9mg
5000iu
|.8mg
2.7mg
|8mg
75mg




Tanre A. Nuremmive VaLves oF CoatoN Foons pex Doruar oy Exrexorrvre, Avcusr 15, 1089

2

Ascorbic
Acid
{mg.)

Nincin
(=)

Ribo-
favin
(wg.)

Edible
Weight
per 21.00
(grams)

Price

Aug. 15,

A Thigmine
(mg.)

Vitamin

xi)

Iron
(g}

(grams}

Calories  Protein  Caleiom
(1,000)  (grams)

1089
(cents)

Usit

Commodity

GEeorae J. STIGLER

1717
00
17

3828828328 rov -
=®2ze=z2
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*51. Polators 15 Ih. 34.0 16,810 14,8 336 1.8 s 6.7 20.4 7.1 108 2, 502
Spinach 1 b, 8.1 4,00¢ 1.1 108 — 138 913.4 8.7 18.8 2,755
. Swevt Potstors 11b. 5.1 7,049 9.6 138 .7 54 0.7 8.4 6.4 e 1,912
54. Peaches (can) No, 2 16.8 4,904 3.7 20 R 10 21.5 .5 1.0 a1 196
355, Peurs (can) No.2 20.4 4,050 3.0 8 .8 8 8 8 8 3 81
58, Pinespple (can) No.2 21,3 3,048 2.4 16 -4 8 2.0 2.5 .8 7 300
7. Aaparagus (can) No. ¢ 7.7 1,046 -4 b 3 it 18.8 i4 L 17 72
88, Green n (can) No. 2 10.9 5,588 1.0 54 2.0 a5 55.0 1.8 4.3 3 481

89, Pork and Beans (can) 16 oz, 7.1 6,880 7.5 834 4.0 154 8.8 8.8 7.7 56
80, Corn (can) Neo, 2 0.4 5,450 5. 136 .2 16 12.0 1.8 2.7 4 218
61, Peaa (can) No. ¢ 18.5 4,100 2.3 138 .0 “° 4.0 4.9 2.5 37 370
€2, Tomstoes (can) No. 2 5.4 8,208 1.8 (3 N 5 55.2 54 s % 1,258
63, Tomato Soup (ean) 104 oz, 7.6 $,017 1.6 k4 .0 43 5.0 8.5 2.4 67 802
*84. Peaches, Dried 1. 18.7 2,860 8.8 57 1.7 178 56.9 it 4.3 8 57
*65. Pruzes, Dricd 11b. 9.0 4,285 12.8 9 2.5 154 85.7 3.9 48 65 T
3 Dried 15 ca. 2.4 4,524 18.5 104 .5 136 .5 6.3 1.4 24 150

67. Peas, Dried 11k, 7.9 5,740 20.0 1,467 4.2 345 2.0 25.7 8.4 162

**83. Liea Brans, Deied 11b. 8.9 5,007 17.4 1,055 8.7 459 5.1 26.9 5.2 bed

**¢8. Navy Beans, Dried 11, 3.9 7,888 5.9 1,80 1.4 792 4.4 2.6 L3%4

70. Colfee 11k, it 2,026 —_— — - pant 4.0 5.1 50

™ 17.4 a5 — —_ -— — .3 4

or. 8.6 2,857 8.7 237 50 72 2.0 1.9 40

S oz, 10.2 1,400 8.0 77 1.3 S0 0 S.4 4

10 I, 51.7 8,773 4.0 —_ — —

24 oz, 18.7 4,968 14.7 -- .5 74 ]

76. X 18 oz, 13.8 $,75% 9.0 - 10.3 W 1.9 7.5 s

77. Strawberry Proserves 10k, 20.5 2, 8.4 n 4 7 .2 . s

* Quantitiea ineluding inedible ports

Tazre B. Numaimive VaLues oF ComuoN Foops ree DoLLan oF Exrexpirone, Avcust 15, 1044

a0 Calories  Protele  Cokum  froo  Vieamin A Thiamine Ribofaxin  Niscy Ascarbic
cen v

(1,000) (grama) (grams) (mg.) (1,000 LU) =g.) wg.) (mg.)
) (mg.)
a4.8 756 1.1 208 0.9 18.8 240
3.2 398 15.0 188 15.0 9. 19
6.3 855 1.2 72 2%®.6 12.7 5.8 7
2.9 831 3.7 " .5 6.4 48
10.0 2853 10.1 6 17.4 2.0 15.7 7 40
4.0 04 8.0 27 5.4 0.8 8.4 20 4,054
80.1 148 .8 50 2.8 2.5 8.0 54 1,071
1.6 74 — 20 641.8 4.0 8.8 23 1,9%
2.3 57 11 28 120.5 4.5 2. 6 708
:g.: 924 8.2 488 210 14.4 119
12.¢ L] 18.1 40 1.7 1.9 41
. 7.8 85 1.1 70 19¢.3 €.9 6.8 0 Sus
80, Liver (Pock)® 1.9 o8 .2 518 145.0 10.4 51.5 {0 550

! Unit: 90 oz.; edible weight: 4,647 g, # Usit: 1 bunch; edible weight: 4,071 g. ¥ Usit: 1 Ib.; edible weight: 2,071 g,

HONFISTBANG JO 1S0)) TH],

LOg



Brownie Dumpling Espresso Amelia
cost 5 2 3 8
cals 400 200 150 500
choc 3 2 0 0
sugar 2 2 4 4
fat 2 4 0 5

requirements:

500 calories, 6 oz choc, 10 0z sugar, 8 oz fat




Brownie Dumpling Espresso Amelia
cost 5 2 3 8
cals 400 200 150 500
choc 3 2 0 0
sugar 2 2 4 4
fat 2 4 0 5

requirements:

500 calories, 6 oz choc, 10 0z sugar, 8 oz fat




Brownie Dumpling Espresso Amelia
cost 5 2 3 8
cals 400 200 150 500
choc 3 2 0 0
sugar 2 2 4 4
fat 2 4 0 5

requirements:

3 2
2 2
2 4

500 calories, 6 oz choc, 10 0z sugar, 8 oz fat

min 52131 + 2:62 + 3%3 + 8334

0
4
0

[ 400 200 150 500 | [ x4

0
4
!

X2
xs3
T4

[ 500
6
10
8

1V




min d5x1 + 2x9 + 3x3 + 824

400 200 150 500 T1 500
3 2 0 0 T2 N 6
2 2 4 4 T3 - 10

2 4 0 ) T4 8



min dxq + 2x9 + 3x3 + 814

400 200 150 500 T1 500
3 2 0 0 T2 > 6
2 2 4 4 T3 - 10
2 4 0 ) T4 8

H-representation
begin

8 4 rational

-500 400 200 150 500

-6 3 2 0 0
-10 2 2 4 4
-6 2 4 0 5
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
end

minimize

05238



min d5x1 + 2x9 + 3x3 + 824

400 200 150 500 T1 500
3 2 0 0 T2 N 6
2 2 4 4 T3 - 10

2 4 0 ) T4 8



min 5xq + 2x9 + 3x3 + 8x4

400 200 150 500 T1 500
3 2 0 0 T2 N 6
2 2 4 4 T3 - 10
2 4 0 ) T4 8

H-representation
begin

8 4 rational

-500 400 200 150 500

-6 3 2 0 0
-10 2 2 4 4
-6 2 4 0 5
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
(/] 0 0 0 1
end

minimize

05238



min dxq + 2x9 + 3x3 + 814

400 200 150 500 T1 500
3 2 0 0 T2 > 6
2 2 4 4 T3 - 10
2 4 0 ) T4 8

*0bjective function is
0 + 5 X[1] + 2 X[2] + 3 X[3] + 8 X[4]
*LP status: a dual pair (x, y) of optimal solutions found.

Ik-)l—r(-_:-presentation begin

egin . .

82 rational primal_solution

-500 400 200 150 500 1: 0

-6 3 2 0 ) .

-10 2 2 4 4 2 : 3

-6 2 4 0 5 3: 1

0 1 o o ) 4 : 0

3 3 % ? g dual_solution

@ © o o 1 2 -1/4

end 5: -11/4

minimize . _

05238 g : 2/4

optimal_value : 9

end

xnumber of pivot operations = 4






inear programming
saved Berlin



shortest paths as LP

inputs:



shortest paths as LP

max d;

dy—dy <l(x,y) Ve=(x,y)€E
ds =0



max d;

dy —dy <1(x,y) Ve = (x,y) € E
ds =0

dt = 30



max flow as Ip

INPUT: (G,¢c,s,t) G=(V,E) c:E—Z4



max flow as Ip

max Y _f(s,v) =) _ f(v,s)

f(u,0) < c(u,v) FOR (U,v) IN E
Zf(u,v) = Zf(v,w) Yo

f(u,0) =20 FOR (U,v) IN E



max flow as Ip
max Y _f(s,v) —)_f(v,s)

f(u,0) < c(u,v) FOR (U,v) IN E
Y flu,0) =) flo,w) Yo
f(u,0) >0 FOR (U,v) INE

AT
<>




miN-cost flow as Ip

INPUT:




miN-cost flow as Ip



miN-cost flow as Ip

min xe - f(e)



