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Bob prefers1to 2
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Unstable Matching

G1 prefers 2 to 3

B2 prefers 
1 to 2?
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Stable Matching



Stable 
matching has 
many practical 
applications
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 Figure 1 Applicants and 1st Year Positions in The Match, 1952 - 2014

The National Resident Matching Program (NRMP) is a 
private, not-for-profit corporation established in 1952 to 
optimize the rank-ordered choices of applicants and 
program directors. The NRMP is not an application 
processing service; rather, it provides an impartial venue 
for matching applicants' and programs' preferences for 
each other consistently.

The first Main Residency Match® ("the Match") was 
conducted in 1952 when 10,400 internship positions were 
available for 6,000 U.S. graduating seniors. By 1973, there 
were 19,000 positions for just over 10,000 U.S. graduating 
seniors. Following the demise of internships in 1975, the 
number of first-year post-graduate (PGY-1) positions 
dropped to 15,700. The number of PGY-1 positions 
offered gradually increased through 1994 and then began 
to decline slowly until 1998. This year saw a record-high 
26,678 PGY-1 positions offered (Figure 1),

marking the twelveth consecutive annual increase in such
positions.

The trend in the total number of applicants since 1952 is 
more dramatic, starting with 6,000 in 1952 and rising to a 
high of 36,056 in 1999. After a decline of 5,052 
applicants from 1999 to 2003, the number of applicants 
has increased each year since the 2004 Match. Applicants 
registered for the 2014 Match reached an all time high of 
40,394, an increase of 59 applicants over 2013.

For more information about the NRMP, please visit: 
www.nrmp.org. Additional data and reports for the Main 
Residency Match and the Specialties Matching Service® 
(SMS®) can be found at: www.nrmp.org/match-data. 
Instructions on how to request NRMP data also are 
provided. 

vResults and Data 2014 Main Residency Match®

29671

40394



2013 R-1 Match
Table 1: Summary of Match Results

Copyright © 2013, Canadian Resident Matching Service. All rights reserved. No part of this report may be used or reproduced in 
any form or by any means, or stored in a database or retrieval system without prior written permission of the publisher except in the

case of brief quotations embodied in critical articles and reviews.

Matched Unmatched Final Participation

Applicant Type
2013 

Graduates
Prior Year 
Graduates1 Total 2013 Graduates

Prior Year 
Graduates1 Total 2013 Graduates

Prior Year 
Graduates1 Total

CMG 2571 74 2645 62 40 102 2633 114 2747
IMG 146 353 499 192 1525 1717 338 1878 2216

USMG 23 2 25 10 12 22 33 14 47
TOTAL 2740 429 3169 264 1577 1841 3004 2006 5010

Keywords: Summary, match results, 1st and 2nd iteration combined, prior year, current year, unmatched, final participation

Note 1: Includes graduates from all years prior to 2013.
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Definition: matchings
P =

R =

M =

proposes

p pz Pu 7
reviewers

qr anz
set of reviewers both have n

elements

pi r set of pairs such that each
Pi and each r occur in at most onepair

A matching is perfect if Inf n and each pig
occurs in exactly one pair



Definition: matchings

Each pi(rj)appears only one in a pairing. 
A matching is perfect if every pi appears.

P = {p1, p2, …, pn}
R = {r1, r2, …, rn}
M = {(pi1, rj1), …, (pin, rjn)}



 Image credits: Julia Nikolaeva



Definition: preferences
P = {p1, p2, …, pn}

propose pi may prefer reviewer Pz to r

r Topi R



Example: preferences

 
 

has a preference relation
on the set R

P = {p1, p2, …, pn}
pi

r1 ≺p1
r4 ≺p1

r3 ≺p1
r2



Consider one matching

 

 P Pz V R2
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Is this a

stable

matching



Is this a stable match?
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DprefersVtoH

U prefersDtoC



Def: instability

is An unmatched PAIR p r S such that

p prefers it to its current match Sept
r preferspet to its current match Sct

Denotes the
matchof it in S



Def: instability

There is a pair, not in the matching S, in which each party prefers 
each other to their current matches in S.



No unmatched pair (p*,r*) prefer 
each other to their partners in M

M 

= { (p1,r1), (p2,r2), … (pn,rn) }

is a stable matching if

ie a matching with No instable pairs



Example 2

STABLE
matching



Prove: for every input

there exists a stable 
matching.



proposal algorithm
Start with all participants unmatched

while there exists an unmatchedproposedwho has not exhausted preference

Lt or be the highest ranked reviewer that p has not

already proposed to

Let p propose to r

If r is unmatched Add thepair p r to S

If r is matched in p r but r prefers p to p
then break the pair fir

add the pair fir
Else continue



4102 stable match ?? 2016

StableMatch(M, W,�m,�w)

1 Initialize all m, w to be free
2 while 9free(m) and hasn’t proposed to all W

3 do Pick such an m

4 Let w 2 W be highest-ranked to whom m has not yet proposed
5 if free(w)
6 then Make a new pair (m, w)
7 elseif (m

0, w) is paired and m
0 �w m

8 do Break pair (m
0, w) and make m

0 free
9 Make pair (m, w)

10 return Set of pairs

8
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Proposal algorithm ends
Each proposer proposes at most once to each reviewer

EACH proposer proposes Oln
There are only n proposes OCnyproposals



Proposal algorithm ends

steps

each  proposes at most once to each .pi rj

each  proposes at most  times.p ∈ P n

size of M is at most .n



The output is a matching
Each proposer p appears in at most one pair

reviewer r

By lines 6,9 in the algorithm a pair is
created only between 2 elements that

are unmatched at the time



The output is a matching

Each  appears at most once in the output. 
Each  appears at most once in the output. 

This follows directly from the pair lines in the code. 
When a pair is made, the two participants are unmatched in each case.

p ∈ P
r ∈ R



4102 stable match ?? 2016

StableMatch(M, W,�m,�w)

1 Initialize all m, w to be free
2 while 9free(m) and hasn’t proposed to all W

3 do Pick such an m

4 Let w 2 W be highest-ranked to whom m has not yet proposed
5 if free(w)
6 then Make a new pair (m, w)
7 elseif (m

0, w) is paired and m
0 �w m

8 do Break pair (m
0, w) and make m

0 free
9 Make pair (m, w)

10 return Set of pairs

8
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Reviewers’ matches improve
Once a reviewer has been matched, they remain matched for the rest of the 
execution. Their match either remains the same or improves.

Follows again from lines 7,8 and6



The output is perfect
This means that the size ofouthetput pain is n

If there is an unmatched p then there

also exists an unmatched reviewer
because Rtn

GS will continue until all n proposers are

matched



output is perfect

if who is free, then  

who has not been asked



The output is stable
Proof by contradiction.

Proofkycontradiction Suppose the outputs of GS is Not STABLE

This means there exists p't r 45 such that

p refers rt to Spa and it prefers p to Scot
r p

In other words S contains fir and p rt
Consider the moment when r is matched with p andwhen

p is matched with r



The output is stable
Proof by contradiction.

Suppose the output  is not stable. That means there 
exists an unmatched pair  such that  

 prefers  to their current match  and  
 prefers  to their current match  .

M
(p*, r*) ∉ M

p* r* M(p*)
r* p* M(r*)



output is stable
Spse not. (p*, r), (p, r*) ∈ M But  and r ≺p* r* p ≺r* p*
Since p is matched to r p must have proposed to r after
proposing to r because p prefers It to f ByAssumption2

At the time p proposed to rt

either p was already in M and it preferred p top
No matchwas broken and either p p or it prefers p to p
In either case pts p which contradicts theAsqmptio
Cptm was created at his step But then later
r accepts a proposalfrom p I p trap whichcontradict



output is stable
Spse not. (p*, r), (p, r*) ∈ M But  and r ≺p* r* p ≺r* p*

Consider the moment when r* is matched with p.
Since p* prefer r*, then p* must have already 
proposed to r* at the time of the proposal to r.
At that proposal to r*, either:

r* was matched to p’, and r* preferred p’ to p*. But since 
reviewer matches only improve, this contradicts the 
assumption that r* prefers p* to p.
r* was not matched and paired to p*, but then broken and paired 
with p. This contradicts the assumption that r* prefers p*.



Proposer wins



Proposer wins



Remarkable theorem

r is valid for p:

best(p):

There exists a stable matching S in which (p, r) ∈ S
best(p) is valid for p and there is no valid  such that r* best(p) ≺ r*
Treviewer P

The Gas produces the matching M p bested Fptp
No matter what order the proposals arrive

Is produces the propose optimal stable matching



GS  is Proposer-optimal.

S* Output of GS

Proof Suppose that GS doesn't proposer optimal match
consider the first time that some proposer p is notpairedwith

bestp
rt

proposer optimal
match

r rt



GS  is Proposer-optimal.
Suppose that GS did not return a proposer-optimal matching . 
Consider the first moment in GS when a proposer p is rejected by a valid match r. 
This must also be  since p proposes in decreasing order. 

S*

r = best(p)

S* Output of GS

pi r p r p'tp because

we are
assumingthat

p matcheswith on Stpl r
ft d

pprefer r to r optimalthe optimal match

prefer p top gun no

This implies that St is unstable by pin which

contradicts our assumption that St is an optimal matching



GS  is Proposer-optimal.
Suppose that GS did not return a proposer-optimal matching . 
Consider the first moment in GS when a proposer p is rejected by a valid match r. 
This must also be  since p proposes in decreasing order. 

S*

r = best(p)

S* Output of GS

(p, r)
(p′ , r′ ′ )

(p′ , r)
p is matched with 
another reviewer, 
And r is matched to 
another proposer

In this matching, p’ is 
paired with r’’.



GS  is Proposer-optimal.
Suppose that GS did not return a proposer-optimal matching . 
Consider the first moment in GS when a proposer p is rejected by a valid match r. 
This must also be  since p proposes in decreasing order. 

S*

r = best(p)

S* Output of GS

(p, r)
(p′ , r′ ′ )

(p′ , r)
p is matched with 
another reviewer, 
And r is matched to 
another proposer

In this matching, p’ is 
paired with r’’.

Since (p,r) is not in the output of GS, either r is already matched with a higher ranked p’, or r 
breaks for a higher p’. 
Since (p,r) is valid, i.e. , who is p’ paired with ? Let it be (p’, r’’). (p, r) ∈ S*



GS matching vs P-opt

In GS, p’ could not have been rejected yet. Must be that p’ prefers r to r’’. 
This means (p’,r’’) is an instability in S*. This contradicts the assumption 
that S* is a matching (recall, it was defined as the best matching for p).

S* Output of GS

(p, r)
(p′ , r′ ′ )

(p′ , r)
p is matched with 
another reviewer, 
And r is matched to 
another proposer

In this matching, p’ is 
paired with r’’.
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Guns and butter

max x + y
4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0

http://i16.photobucket.com/albums/b20/safebuy/ak47/ak47-electric_lg.jpg
http://2.bp.blogspot.com/_NX4zcMNX4VE/Sb8MQfffllI/AAAAAAAAAL0/eu4J0dfFhJE/s400/gourmet-butter.jpg


�1 0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

4x� y  8

x1

x
2

2

4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0

x

y



x

y

�1 0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

2x+ y  10

x1

x
2

1

4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0



4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0

x

y

�1 0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

2x+ y  10

4x� y  8

x1

x
2

2



4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0

x

y

�1 0 1 2 3 4 5 6
0

1

2

3

4

5

6

7

2x+ y  10

4x� y  8

5x� 2y  �2

x1

x
2

3



Certificate of optimality
max x + y
4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0



Certificate of optimality

4x� y ⇥ 8
2x + y ⇥ 10

5x� 2y ⇤ �2
x, y ⇤ 0

max x + y

7
-1

14x +7y ≤ 70
-5x + 2y ≤ 2

9x+ 9y ≤ 72



Stigler diet
calories 3000
protein 70g
calcium .8g
iron 19mg
vitamin A 5000iu
thiamine 1.8mg
riboflavin 2.7mg
niacin 18mg
ascorbic acid 75mg







Brownie Dumpling Espresso Amelia
cost 5 2 3 8
cals 400 200 150 500
choc 3 2 0 0
sugar 2 2 4 4

fat 2 4 0 5
500 calories, 6 oz choc, 10 oz sugar, 8 oz fat requirements: 
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cals 400 200 150 500
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H-representation 
begin 
8 4 rational 
-500 400 200 150 500 
-6   3   2   0    0 
-10  2   2   4    4  
-6   2   4   0    5 
0    1   0   0    0 
0    0   1   0    0 
0    0   0   1    0 
0    0   0   0    1 
end 
minimize 
0 5 2 3 8 
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H-representation 
begin 
8 4 rational 
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*Objective function is 
 0 + 5 X[1] + 2 X[2] + 3 X[3] + 8 X[4] 
*LP status: a dual pair (x, y) of optimal solutions found. 
begin 
  primal_solution 
  1 :  0 
  2 :  3 
  3 :  1 
  4 :  0 
  dual_solution 
  2 :  -1/4 
  5 :  -11/4 
  3 :  -3/4 
  8 :  -5 
  optimal_value : 9 
end 
*number of pivot operations = 4



berlin



linear programming 
saved Berlin

image:stamford

image:history of air cargo



shortest paths as LP

inputs:



ds = 0

max dt
dy � dx  l(x, y) 8e = (x, y) 2 E

shortest paths as LP



8

3

7

-3

5

9

-4

2

5

6

b

a -4

-12

e

d

fc 1

i

g

h

10

s
5

7

344

7

8

-8

dt = 30
ds = 0

max dt
dy � dx  l(x, y) 8e = (x, y) 2 E
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G = (V, E) c : E� Z+(G, c, s, t)

max flow as lp

input: 



f (u, v) � c(u, v)

�
u

f (u, v) = �
w

f (v, w) �v

f (u, v) � 0

max Â
v

f (s, v)� Â
v

f (v, s)

max flow as lp

for (u,v) in E

for (u,v) in E
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max Â
v
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f (v, s)

max flow as lp

for (u,v) in E

for (u,v) in E
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min-cost flow as lp

input: 

s t
1/
3

2/2

2/3

1/
2

1/2
2/31/11/3

0/1
2/2

2/3

dx : E� Z+G = (V, E) c : E� Z+(G, c, s, t)



min-cost flow as lp



min
e

xe · f (e)
f (e) � c(e)

f (e) � 0

�
u

f (u, v) = �
w

f (v, w)

min-cost flow as lp

X

v

f(s, v)�
X

v

f(v, s) = d


