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Karatsuba, Recurrences
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Recall from last time...
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stand set greet sit/add repeat

Simple case: 2 people
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set greet sit/add repeat
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stand set greet sit/add repeat
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starfd t greet sit/add repeat
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sssss greet sit/add repeat

how fést does It vvork
T(n)=1+1 (Wﬂ)

T = 2




ssssssss greet sit/add repeat

how fast does it work:
T(n)=1+1+T(|n/2])

T(1) =3



IS IS a recurrence
T(n)=T(In/2]) + 2
T(1) =3




ve a simpler a power of 2.
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T(2%) =2+ T(28 1)



T(2%) =2+ T(28 1)
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iINtuition here

T(2F) =24+ T (2 1)
=2+24+T(2F2)
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Other cases?



iINtuition here

T(2F) =24+ T (2 1)
=2+24+T(2F2)
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=24 24-+24T(20)

Other cases?



iINtuition here

T(2F) =24+ T (2 1)
=2+24+T(2F2)
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=24 24-+24T(20)
— 2% + T(1)

Other cases?



[deal: It Is OK to approximate

A good way to do this is to ignore low order terms of our
functions, I.e. using asymptotic notation for our functions.
—



Asymptotic notation
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Asymptotic notation

O( g) Set of functions that are at
most within constant of g for
large n




Asymptotic notation

b O( ) Set of functions that are at most within const
g of g for large n

O ™)™ KG Q ( g) Set of functions that are at least within const
of g for large n

/\\,\8?"\&6‘)) @ . o
g Set of functions that are at within const of g
for large n
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f




Omega sandwich




Omega sandwich
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Examples of asymptotic notation
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iINtuition here

T(2F) =24+ T(2 1)
=2+ 24 T(2F2)
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=2k + T(1) = O(log(2"))
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iINtuition here

T(2F) =24+ T(2 1)
=2+ 24 T(2F2)
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How tO solve recurrence
relations
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n-digit inputs [] IZ] * II] E E] E]

I\/Iqlt(ab, cd) ST EaEn

ac100? 4 (ad + be)100 + bd

Base case: return bd it inputs are 1-clgi
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n-digit inputs [] IZ] II] E]

Mult(ab, cd) =i XEame ()=

ac100? + (ad + be)100 + bd
Base case: return b*d if inputs are 1- digit

-ee ompute X = I\/IuIt(a C) <« T(2)
ompute y = Mult(a,d) )
Compute z = Mult(b,c) “
ompute w = Mult(b,d)
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T(n) = 4T([n/2]) + 3n




T(n) = 4T(|n/2]) + 3n
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calculations:
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How can we improve?
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Karatsuba Algorithm
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ac100” + (ad + bc)100 + bd
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Karatsuba Algorithm

b © d

ac100? + (ad + bc)100 + bd

(a+b)(c+d) =ac+ ad + bc + bd
ad + bc = (a+b)(c+d) —ac— bd



Karatsuba Algorithm
9 |




Karatsuba Algorithm
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Karatsuba Algorithm
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ﬂac bd, (
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b)(c+d)

@ ad +bc= (a+b)(c+d) —ac— bd



Karatsuba Algorithm

1 7 8 9 * 1 4 3 2
a

vely compute

ﬂ ac, bd, (a 4+ b)(c + d)
@ ad +bc= (a+b)(c+d) —ac— bd
@ acl100? + (ad + bc)100 + bd



Karatsuba(ab, cd)

Base case: return b*d if inputs are 1-digit © TU) -

ac = Karatsuba(a,c) (%)
bd = Karatsuba(®,d) (" m[;,;: Ty
/ﬂ {,f‘j o
t = Karatsuba((afb) (c+d)  ©f T L 5% \
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RETURN ac*1002 + mid*100 + bd
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Karatsuba(ab, cd)

Base case: return b*d if inputs are 1-digit
ac = Karatsuba(a,c)
bd = Karatsuba(b,d) 3T (n/2) +2n

{  Karatsubal(@sb) (o) ¥ Ignoring issue of carries

mid =t - ac - bd L 4/n
RETURN ac*1002 + mid*100 + bd An Zu
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T(n)=3T(n/2)+ 9In
O(n10g2(3))



T(n)=3T(n/2) 4+ 9In
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simpler proof technique?



@ nduction redux

Cl%%sgﬁ prove that some property P(k) is true for all k

Vk, P(k) holds



@ one long proof...

Cl%%sgﬁ prove that some property P(k) is true for all k

Vk, P(k) holds



D nduction

classic 1 .
base case: IS true.

classic P(1) }

indgfjcti_ve
step:

implies P(k —|— 1) is true



® |nduction, asymptotic style

classic

sk .
base case: P(’]’L ) IS true.

classic P(n*)

in%I!EJecF’gi:ve : } implies P(k —|— 1) is true

P(k)



S|mpler prOOf (guess +c hk)
T(n) =3T(n/2) + In



simpler proof



simpler proof

T(n)=3T(n/2)+cn
Induction hypothesis: T(n) < dn1.5°
It is true for n=1. suppose it is true for n<nO0.

T(ng+1)=3T((no+1)/2) + c(no + 1)
< 3d[(n0 + 1)/2]1'59 + c(nO —+ 1) By the induction hypothesis
< 3/28%d(ng + 1) + ¢(ng + 1)

< 0.997d(ng + 1)**? + ¢(ng + 1)



Another example: sorting



mergesort

technique:

goal:

12




mergesort

6

12

12




mergesor

d

12 5 8
6 4 12 2
sort left half sort right half
4 6 12 2




mergesort

6 12
6 4 12
4 6 12




mergesort

6 12
6 4 12
4 6 12




mergesor

d

12

6 4 12
4 6 12




mergesor

d

12

6 4 12
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mergesor
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12 8 7
HOW?
6 4 12 2
sort left half ight half
4 6 12 2
6 9 12




mergeso rt(A ,start, end)

QDO @



mergeso rt(A ,start, end)

if start < end

q < |(start 4+ end)/2]

mergesort (A, start, g)
mergesort (A,g+l,end)

merge (A, start, g, end)

QDO @

else ...



mergeso rt(A ,start, end)

if start < end

q < |(start 4+ end)/2]

mergesort (A, start, g)
mergesort (A,g+l,end)

merge (A, start, g, end)

else

QDO @

MERGE(A[L .. n], m):

t—1; je—m+1
fork— 1ton
if j >n
Blk] — Ali]; i —i+1
else if i > m
Blk] — Aljl; j —j+1
else if Afi] < A[j]
Blk] — Ali]; i —i+1
else
Blk] — A[j]; j—j+1
fork — 1ton
A[k] — BI[k]

jeff erickson



mergeso rt(A, start, end) Running time?

if start < end

q < |(start 4+ end)/2]

mergesort (A, start, g)
mergesort (A,g+l,end)

merge (A, start, g, end)

QDO @

else ...



show:




T(n)=2T(n/2)




T(n)=2T(n/2)

T(n) = O(nlogn)
T(i’l) < cn logn for c>1
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