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Dictionary
data structure

insert KeyValue add an item to the datastretree

Lookup key returns keyvalue if it was previously
inserted into the datastructure

Delete key

FINDNEXT Key finds the keyvalor entry where keg is

man may
the smallestvalue insetedforwhich keg key



Dictionary

insert(key, value)

delete(key)

lookup(key)

findnext(key)



Dictionary

insert

delete

lookup

findnext

standard solution: hashtable

insert(key, value)

delete(key)

lookup(key)

findnext(key)

we expect Oct performance

1 But
usually thisonly happens in

expectation worst case performance

could be Ocn

might require scanning all keys
OG



Hashtables are tricky

Gi hash K

addKiu
at i

else
i keeplookingfor

a newspot
open addressing



Hashtables are tricky
This is a trivial lookup experiment. 
Looking up 1 key takes 2000x longer.



Hashtables are tricky
This is a trivial lookup experiment. 
Looking up 1 key takes 2000x longer.

Worst case performance: O(n)



Dictionary
{1, . . . , n}

keys belong to limited range:new constraint:

insert(key, value)

delete(key)

lookup(key)

findnext(key)

WE
loglogle performance

1964 5

Note OClogo or Ollogu performance

Caribe achieved With
balanced binary trees



A simple solution: bit vector
0 1 2 3 ... n...

Maintain an array of bits
i

insert(key, value)

delete(key)

lookup(key)

findnext(key)

MI
t

we can still

Of use this as
as a

base
n in worst case case

for small
U



Can we do better than O(n) findnext?



van emde Boas Q
the big idea:

VEB Q

Tatastructurefounivers l cl that is
comprised of small versions of the same

datastructor for universe l die
VEBfor a

keeps
track It Inmax

É Éptrare
notempty



van emde Boas Q
the big idea:

Use recursion for a data structure.

A data structure that handles 1..n can be designing 
using several smaller versions of the same structure.



VEB queue
VEB(n)



VEB queue

sz, min, max
VEB(n)



VEB queue

sz, min, max
VEB(n)

base case: 1 bit vector.



VEB queue

sz, min, max
VEB(n)

base case: 1 bit vector.

VEB(
p

n) 0 1
�

n2 3 ...
map

normal case: 

Keeps track of which ptrs 
are not empty.

Pointers to recursive, smaller instances of VEB.

4 for KY betvector



n = 256
sz, min, max 0 1

�
n2 3 ...

example: 
map

VEB(
p

n)
VEB(n)M M 1631 32494863 240,255

If
thispointer would point to

a VEB queue that would store

any entries between 0 15



Example n=256, keys={10,55,61}

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

sz, min, max
Map

256

0 1 2 3

sz, min, max
Map

16

0 1

sz, min, max
Map

4

4863

I
É2 0 3

madities ÉILt I
2 o 3 If

BD Bitvector



Example n=256, keys={10,55,61}

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

sz, min, max
Map

256

0 1 2 3

sz, min, max
Map

16

0 1

sz, min, max
Map

4

0 1 2 3

sz, min, max
Map

16

0 1 2 3

sz, min, max
Map

16

0 1

sz, min, max
Map

4

0 1

sz, min, max
Map

4

3  10    61

1  10    10 2  7    13

1    3     3 1    1     1

2  0      3

2  0      3

(Roughly correct)

O



lookup(i)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n) 4863

46

Trite i a t b for a b e to Va eg 55 3525 70451 P.FI iftiiste
else return a lookup b

TCU TCA OCD OCloglogu



lookup(i)
i = a

�
n + bwrite 

if size = 0 or then return false 

else areturn .lookup(b)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

a .size = 0
if <base case>: check bit vector

(Almost right, we will have to slightly change this later.)



lookup(i)
i = a

�
n + bwrite 

if size = 0 or then return false 

else areturn .lookup(b)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

a .size = 0
if <base case>: check bit vector

(Almost right, we will have to slightly change this later.)

Running time: T(n) = T( n) + Θ(1) = Θ(log log n)



findnext(i)
idea:

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n) A733

extract findnext 55 3.16a

write i arut b

caselo if the nextelement occurs in bucket a
easy we can use a findnext b

tease the next element occurs in the next non emptybucket

use mapfindnextCa min



findnext(i)
idea:

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

Write  as usual.i = a n + b
Case 1: Bucket a has the next value. 

Recursively use findnexta(b)

Case 2: Bucket a does not have the next value. 
Use x=findnextmap(a), return x.min.



findnext(i)

sz, min, max 0 1
�

ni...
map

VEB(
p

n)
VEB(n)

i+1

write i a Tat b

4 base case use the bitvector if 4 47

If a max b then TCU TCA t OCD
return a findnext b II doone Q logloguelse
return mapfindnextCa mind



i = a
�

n + b

> b

�
n

findnext(i)
write 

if a .max then 

else 
areturn .findnext(b)

return map .findnext(a) .min

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

<base case if size is zero> 



i = a
�

n + b

> b

�
n

findnext(i)
write 

if a .max then 

else 
areturn .findnext(b)

return map .findnext(a) .min

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

<base case if size is zero> Running time: 
 T(n) = T( n) + Θ(1)

Θ(log log n)



i = a
�

n + b
insert(i)

write 

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

First attempt

TCU 2TNa t OCD
a insert b

Ollogamap insert a

S n 25 E t OCD

Ocn



i = a
�

n + b
insert(i)

write 

a.insert(b)

map.insert(a)

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 

a.insert(b)

map.insert(a)

what is the problem with this?

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 

a.insert(b)

map.insert(a)

what is the problem with this?

how can we get around the problem of  
inserting twice?

answer: LAZY inserts.  how many times do we need 
to insert into MAP?

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)



i = a
�

n + b
insert(i)

write 

if sz==0 then 

else 

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

emptydatastructor

Fit

m.am
If MIN i SWAP i min

write i a Tat b
F a size to map ing a

ThatTCM Ou

a insert b



i = a
�

n + bwrite 

if sz==0 then update sz=1,min=max=i 

a .sz==0

if min>i swap(i,min)

update sz, max 

a .insert(b)

 

else 

if then .insert(a). map

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

insert(i)



i = a
�

n + bwrite 

if sz==0 then update sz=1,min=max=i 

a .sz==0

if min>i swap(i,min)

update sz, max 

a .insert(b)

 

else 

if then .insert(a). map

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

insert(i)

If a is empty: 
then 1 full recursive call + 1 base case



i = a
�

n + bwrite 

if sz==0 then update sz=1,min=max=i 

a .sz==0

if min>i swap(i,min)

update sz, max 

a .insert(b)

 

else 

if then .insert(a). map

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

insert(i)

If a is empty: 
then 1 full recursive call + 1 base case

If a is not empty: 
Then this line does not run 
but 1 full recursive call is made



i = a
�

n + bwrite 

if sz==0 then update sz=1,min=max=i 

a .sz==0

if min>i swap(i,min)

update sz, max 

a .insert(b)

 

else 

if then .insert(a). map

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

insert(i)

If a is empty: 
then 1 full recursive call + 1 base case

If a is not empty: 
Then this line does not run 
but 1 full recursive call is made

T(n) = T( n) + Θ(1)



lookup(i)
i = a

�
n + bwrite 

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

We need to fix the Lookup to work with Lazy inserts.



lookup(i)
i = a

�
n + bwrite 

sz, min, max 0 1
�

n2 3 ...
map

VEB(
p

n)
VEB(n)

else areturn .lookup(b)

if size==0 return false 

if ==min return true i

We need to fix the Lookup to work with Lazy inserts.



Nearest 
neighbor  
queries









sort ON at NE
X coordinate
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KD-Tree
Each node in tree maintains variable “box”

node {
rect box
point split
node* left
node* right
}
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Nearest Neighbor Searching in kd-trees

• Nearest Neighbor Queries are very common: given a point Q find the 

point P in the data set that is closest to Q.

• Doesn’t work: find cell that would contain Q and return the point it 

contains.

- Reason: the nearest point to P in space may be far from P in the 

tree:

- E.g. NN(52,52):

60,80

70,70

50,501,10

35,9010,30

25,40

51,75

55,1

(51,75)

(25,40)

(10,30)

(55,1)
(1,10)

(70,70)

(60,80)
(35,90)

(50,50) Ky



NN(q, tree, dir, closest-so-far)

if empty(tree) or  dist(q, tree.box)>closest return

if dist(q,tree.root) < closest { update closest}

if q.dir < tree.dir { 
NN(q, tree.left, nextdir, closest) 
NN(q, tree.right, nextdir, closest) 

} else { 
NN(q, tree.left, nextdir, closest) 
NN(q, tree.right, nextdir, closest) 

}

heuristically

TCU 2 eat
1 login


