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Karatsuba algorithm
7 8 9 4 3 21 1̣

a b c d

ac1002 + (ad + bc)100 + bd

ad + bc = (a + b)(c + d)� ac� bd❷
❸

3T (n/2) + 2O(n)

2O(n)

2O(n)

❶ ac, bd, (a + b)(c + d)
Recursively compute

412 hit



Karatsuba algorithm
7 8 9 4 3 21 1̣
TT TT

ac 1714 238 bd 8432 2848 1789
14632 4876106

adtbc 4876 238 2898 1790

2380000
179000

2,56784



Karatsuba(ab, cd)
Base case: return b*d if inputs are 1-digit

ac = Karatsuba(a,c)
bd = Karatsuba(b,d)
t = Karatsuba((a+b),(c+d))

mid = t - ac - bd

RETURN ac*1002 + mid*100 + bd

3T (n/2) + 2n

4n

3n

TC 20th

I



T(n) = 3T(n/2) + O(n)

Ekin
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O(nlog2(3))

T (n) = 3T (n/2) + 9n



O(nlog2(3)) O(n1.589)

T (n) = 3T (n/2) + 9n

if
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7 8 9 4 3 21 1̣
a b c d

T (n) = 3T (n/2) + 9n
T (n) = 4T (n/2) + 3nG T



simpler proof technique?



induction redux
goal: prove that some property P(k) is true for all k

classic
❶



one long proof...
goal: prove that some property P(k) is true for all k

classic
❶



P(1)
· · ·

P(k)

Induction
base case: 

inductive  step: implies true

classic

classic

❶

}I
P Kel



P(n⇤)
· · ·

P(k)

induction redux
base case: 

inductive step: implies true

asymptotic style
❷

}



simpler proof (guess +chk)

T (n) = 3T (n/2) + 9nE out



simpler proof
T (n) = 3T (n/2) + cn

Prove TinIfÉoÉÉ.nl59
Basecast Tcl I 400 c l T
Inductivehypothesis Suppose Ten 400c n for men

Now consider T note 3T MI nots bydefof T
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simpler proof
hypothesis: T(n) < 400cn1.59
The hypothesis is true for n=1. Suppose it is true for n<n0.

T (n) = 3T (n/2) + cn

T (n0 + 1) = 3T ((n0 + 1)/2) + c(n0 + 1)Now consider

< 3 ⋅ 400c[(n0 + 1)/2)1.59 + c(n0 + 1) By the hypothesis 
because (n0+1)/2 is 
less than n0.

< 3 ⋅ 400c
21.59 (n0 + 1)1.59 + c(n0 + 1)

< 399c(n0 + 1)1.59 + c(n0 + 1)
< 400c(n0 + 1)1.59 Becase c(n0+1) < c(n0+1)1.59

Notice this conclusion EXACTLY matches the hypothesis.

This is essential for an induction proof.

What we have shown is that if T(n) < 400cn1.59, then T(n+1) < 400c(n+1)1.59

Tn OG se



Why 400?
399c(n0 + 1)1.59 + c(n0 + 1) < 400c(n0 + 1)1.59

In order to show this step:

We use the simple fact that (n0 + 1)1.59 < (n0 + 1)∀n0 > 1

We could optimize the proof and use a smaller number.

99.6
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mergesort

6 4 9 12 2 5 8 7

goal:

technique:
sort the inputarray



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7I
left right



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

sort left half sort right half

It



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8s
2



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

2 4



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

2 4

4 2

5



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

2 4 5



mergesort

6 4 9 12 2 5 8 7

6 4 9 12 2 5 8 7

4 6 9 12 2 5 7 8

2 4 5 6 7 8 9 12

sort left half sort right half

HOW?



mergesort(A,start,end)
❶
❷
❸
❹
❺



mergesort(A,start,end)
❶
❷
❸

if start < end

❹
❺

q  b(start + end)/2c

mergesort(A,start,q)
mergesort(A,q+1,end)

merge(A,start,q,end)

else base case, return.

I Aln



mergesort(A,start,end)
❶
❷
❸

if start < end

❹

q  b(start + end)/2c

mergesort(A,start,q)
mergesort(A,q+1,end)

merge(A,start,q,end)

jef
f e

ric
ks

on

❺ else ...

I Oln



mergesort(A,start,end)
❶
❷
❸

if start < end

❹

q  b(start + end)/2c

mergesort(A,start,q)
mergesort(A,q+1,end)

merge(A,start,q,end)

running time?

❺ else ...

TLE
TLE
Ocn

Tin 2T E t OCn



T (n) = 2T (n/2) + n

prove:

n logn
Tcu Ign logy for some c I

Basecate TH 8 8 52 log2 10 E
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T (n) = 2T (n/2) + n Prove:

property:
base case:
inductive step:

T(n) < cn log n

T(n) = O(n log n)

for c>1 

g



T (n) = 2T (n/2) + n

show:

This argument suffices for the upper 
bound. One must also show a lower 
bound to establish a Theta bound.



O(nlog2(3))O(n1.589)

T (n) = 3T (n/2) + 9n

T (n) = 3T (n/2) + 8O(n)
I



2
4
8
16
32
64

21
99
369
1251
4041
12699

# operationsDigits

T(n) = 3T(n/2) + 9n Goal: Show T(n) = O(nlog 3)

Guess: T(n) < 20 ⋅ nlog3 − 20n

TL 99 20 493 25I
I

I 20.9 80
180 go 100



2
4
8
16
32
64

21
99
369
1251
4041
12699

# operationsDigits

T(n) = 3T(n/2) + 9n Goal: Show T(n) = O(nlog 3)

Guess: T(n) < 20 ⋅ nlog3 − 20n

How did we arrive at this guess?

99 41093 Zo yse

I 80



(guess +chk)T(n) = 3T(n/2) + 9n
Lets prove that T(n) ≤ 20nlog2 3 − 20n Assuming T(1) = 1



(guess +chk)T(n) = 3T(n/2) + 9n
Lets prove that T(n) ≤ 20nlog2 3 − 20n

By inspection, indeed, when n<3.T(n) ≤ 20nlog2 3 − 20n
Assuming T(1) = 1

4
Now suppose Tcu 520 n093 Zon for ne no

TCn.tl 3 T N t9 notl

3120.4 183 20401 9 nots



(guess +chk)T(n) = 3T(n/2) + 9n
Lets prove that T(n) ≤ 20nlog2 3 − 20n

By inspection, indeed, when n<3.T(n) ≤ 20nlog2 3 − 20n

A1: Lets assume that n < n0whenT(n) ≤ 20nlog2 3 − 20n

Assuming T(1) = 1



(guess +chk)

Consider the case of T (n0 + 1)

By definitionT(n0 + 1) = 3T((n0 + 1)/2) + 9(n0 + 1)

T(n) = 3T(n/2) + 9n
Lets prove that T(n) ≤ 20nlog2 3 − 20n

By inspection, indeed, when n<3.T(n) ≤ 20nlog2 3 − 20n

A1: Lets assume that n < n0whenT(n) ≤ 20nlog2 3 − 20n

Assuming T(1) = 1



(guess +chk)

Consider the case of T (n0 + 1)

By definitionT(n0 + 1) = 3T((n0 + 1)/2) + 9(n0 + 1)

T(n) = 3T(n/2) + 9n
Lets prove that T(n) ≤ 20nlog2 3 − 20n

But since (n0 + 1)/2 < n0 and A1, it follows that

T(n0 + 1) ≤ 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)

By inspection, indeed, when n<3.T(n) ≤ 20nlog2 3 − 20n

A1: Lets assume that n < n0whenT(n) ≤ 20nlog2 3 − 20n

Assuming T(1) = 1



T(n0 + 1) ≤ 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)

because
zo not log 2g oil 93 then

T not 1 I 20.4.193 30 noel t 9 not

I 20.4.493 2 1 nots

I 20 Hotdog 20 not



T(n0 + 1) ≤ 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)

= 20(n0 + 1)log 3 − 30(n0 + 1) + 9(n0 + 1)



T(n0 + 1) ≤ 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)

= 20(n0 + 1)log 3 − 30(n0 + 1) + 9(n0 + 1)

< 20(n0 + 1)log 3 − 20(n0 + 1)



This establishes that T (n) = O(nlog2 3)

Thus, we can conclude the proof via induction. 

This expression matches our Assumption A1. 

A1: Lets assume that n < n0whenT(n) ≤ 20nlog2 3 − 20n

T(n0 + 1) ≤ 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)

= 20(n0 + 1)log 3 − 30(n0 + 1) + 9(n0 + 1)

< 20(n0 + 1)log 3 − 20(n0 + 1)



Induction summary
1 IS TRUE for one case.

2

3 Showed that 1,2 imply that

Suppose TRUE for n < n0

4 (Induction)

T(n) ≤ 20nlog2 3 − 20n

T(n) ≤ 20nlog2 3 − 20n

T(n0 + 1) ≤ 20(n0 + 1)log2 3 − 20(n0 + 1)



What happens if 
we skip the -20n?0



(guess +chk)

Consider the case of T (n0 + 1)

By definitionT(n0 + 1) = 3T((n0 + 1)/2) + 9(n0 + 1)

Lets prove that
By inspection, indeed, when n<1024.
A1: Lets assume that n < n0when

T(n) = 3T(n/2) + 9n
T(n) ≤ 20nlog2 3 − 20n

T(n) ≤ 20nlog2 3 − 20n

T(n) ≤ 20nlog2 3 − 20n



(guess +chk)

Consider the case of T (n0 + 1)

By definitionT(n0 + 1) = 3T((n0 + 1)/2) + 9(n0 + 1)

Lets prove that
By inspection, indeed, when n<1024.
A1: Lets assume that n < n0when

T(n) = 3T(n/2) + 9n
T(n) ≤ 20nlog2 3 − 20n

T(n) ≤ 20nlog2 3 − 20n

T(n) ≤ 20nlog2 3 − 20n

But since (n0 + 1)/2 < n0 and A1, it follows that

T(n0 + 1) < 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)



T(n0 + 1) < 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)1200

20 now 093 t 9 not

if you assume that Teenie then

T noel 20 noel s't 9 not



T(n0 + 1) < 3 [20 ( n0 + 1
2 )

log 3
− 20 ( n0 + 1

2 )] + 9(n0 + 1)

< 20(n0 + 1)log 3 − 30(n0 + 1) + 9(n0 + 1)

This expression DOES NOT matches our Assumption A1. 
So the induction STOPS! T(n) ≤ 20nlog2 3

0



Lower bound: T(n) = Ω(nlog 3)
Lets prove that T(n) > nlog2 3

Base case ICD 1711 1 1

Suppose Tcu z n log for n no

TCnot 3T not keys ignore this

73 co 93
chase cancel

Got1 093 Ten R n 093



Lower bound: T(n) = Ω(nlog 3)

Consider the case of T (n0 + 1)

By definitionT(n0 + 1) = 3T((n0 + 1)/2) + 9(n0 + 1)

Lets prove that T(n) > nlog2 3

By inspection, indeed, when n<3.T(n) > nlog2 3

A1: Lets assume that n < n0whenT(n) > nlog2 3



Lower bound: T(n) = Ω(nlog 3)

Consider the case of T (n0 + 1)

By definitionT(n0 + 1) = 3T((n0 + 1)/2) + 9(n0 + 1)

Lets prove that T(n) > nlog2 3

But since (n0 + 1)/2 < n0 and A1, it follows that

T(n0 + 1) > 3 [( n0 + 1
2 )

log 3

] + 9(n0 + 1) > (n0 + 1)log 3

By inspection, indeed, when n<3.T(n) > nlog2 3

A1: Lets assume that n < n0whenT(n) > nlog2 3



Combining the two, we 
conclude that

T(n) = Θ(nlog 3)



Exact solution…T (n) = 3T (n/2) + 9n

2
4
8
16
32
64

21
99
369
1251
4041

12699

# operationsDigits



Exact solution…T (n) = 3T (n/2) + 9n

2
4
8
16
32
64

21
99
369
1251
4041

12699

# operationsDigits

21
99
369
1251
4041

12699

19nlog2 3 − 18n
7

I



(guess +chk)

do this at homefor practice
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cookbook



T(n) = aT(n/b) + f(n)
er



T(n) = aT(n/b) + f(n)
Lets account for 
all of the terms in 
this recurrence. a

a a a

fin

a f E

ar f f

al FCE



T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

I D D 10
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     ...
     ...

 ...    



case 1:

T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

f (n) = O(nlogb a��)



y = x2

y = x1.97



case 1:

T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

example: T(n) = 4T(n/2) + n

f (n) = O(nlogb a��)



case 1:
T (n) = f(n) + af

�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

f (n) = O(nlogb a��)



1 + b + b2 + · · · + bL =



1 + b + b2 + · · · + bL =

b✏L

aL



case 1 (cont):

T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥



T (n) = f(n) + af
�n

b

⇥
+ a2f

� n

b2

⇥
+ a3f

� n

b3

⇥
+ · · · + aLf

� n

bL

⇥

f � �(nlgb a)case 2:

case 3:f � �(nlgb a + ⇥) and...



example 2:



7 8 9 4 3 21 1★
a b c d



7 8 9 4 3 21 1★
a b c d



example 2:

T(n) = T

�
14

17
n

⇥
+ 24









T(n) = 2T
��

n
⇥

+ lg n



leo of pisa (1170-1250) aka fib



1 month to mature

once mature, have 2 children each month 
(ad nauseam)

rule of rabbits





Rn :

n-2

n-1

n



R(n) = R(n� 1) + R(n� 2)Objective: Solve 



A(x) = R0 + R1x + R2x2 + R3x3 + · · ·



method of partial fractions









1
1� ax

1� ax
�

1





Ri =
⇤

1⇥
5

⌅ �
�i � �̂i

⇥



Review of generating functions method:


