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Karatsuba algorithm
A &:5‘&

| (7008 |9y |14 3 |2

a b C d

L W

Recursively compute

0 ac, bd, (a 4+ b)(c + d) 37'(n/2) + 20(n)
@ ad+bc= (a+0b)(c+d)—ac—bd 20(n)
& ac100” + (ad + bc)100 + bd 200



Karatsulba algorithm
| (7)/8/ /9 Y 1|43 2

— —/C——
n Y c

() ac- Fq=23%  wh=9¢3-280 (B8 -(esn)_ 499
- o |06 g

(2 adthe- W26 -235-25¢3= 1750

(@ 2280000
\ 37000
29 Y

2.5 b\ %3



Karatsuba(ab, cd)

Base case: return b*d if inputs are 1-digit

ac = Karatsuba(a,c) | (K\?) 7 0&"9
bd = Karatsuba(b,d) 31'(n/2) + 2n

t= Karatsuba((a;_ﬂ(_::;d))

mid =t - ac - bd 4n

RETURN ac*1002 + mid*100 + bd 3n
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calculations:
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Tz Wed % « 3 5« 0 57 e
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T(n)=3T(n/2)+ 9n
O(n10g2(3))

:%_\



T(n)=3T(n/2)+ 9n
O(nlog2(3)) O(nléi9)
Ra———

=
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simpler proof technique”



@ induction redux

goal: prove that some property P(K) is true for all k
Vk, P(k) holds



0classic Oﬂe ‘Ong prOOf---

goal: prove that some property P(K) is true for all k
Vk, P(k) holds



L Induction
CéaassseiCCase: E(/]__)
ﬁﬁggizctive lg_g } implies P( k + 1 rUe

VU/J( \\ N MZ)
< T~
=



®  induction redux
asymptotic style

*
base case: M

inductive step: P(n*)} implies P(k —I— 1 ) true

P(k)



Slmpler prOOf (Quess +chk)

T(n) =3T(n/2) —|—9n O¢2



simpler proof
T(n)=3T(n/2)+cn  Hor c74
o TKV\> - %OO~CFW\-$7

-—

&@iﬁig: TY=\| < L(az)-Cx\(PS_7 /
IT/\(«QOC&?\& \Ajpa‘mq‘.g : So[)(;ﬁg/ TQ/\)C L(ao-c-mmﬁ JCN n< Na.

,—b
S
S
<

N)vd constde— T(‘ﬂo‘ko = %T(%‘) ~+ CCV\HQ bj ole]c of T-
<5 [L@D*Cx@_%( >‘gﬁ] 1 C,-Cv;oﬂ>
. LoD
L e < 3Me(e) S e

T < [-roo~c,(m«\)"§°1



simpler proof

T(n) = 3T(n/2) +cn . ) = 0 (i w”x)
hypothesis: T(n) < 400cnt->®
The hypothesis is true for n=1. Suppose it is true for n<nO.

Now consider T'(ng + 1) = 3T ((ng +1)/2) 4+ ¢(no + 1)

< 3-400c[(ng + DI + c(ny + 1) Sy““yf’“)/
3-400c
- 1.59
7159 (g + 1) + c(ng + 1)
< 399¢c(ny + D' + c(ny + 1)
< 4000(”0 + 1)159 Becase c(no+1) < c(no+1)159

Notice this conclusion EXACTLY matches the hypothesis.
This is essential for an induction proof.
What we have shown is that if T(n) < 400cn?-59, then T(n+1) < 400c(n+1)1-59



Why 4007
In order to show this step:

399¢(ny + D' + c(ny + 1) < 400c(ny + 1)

We use the simple fact that (11 + H? < (nyg+ 1)Vny > 1

—_—

We could optimize the proof and use a smaller number.

116 S 77
2-\0hc (.39 . By
S < e [ 4cfur) < (0CCay
(.S9

D e -n- > N
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mergeSOrt goal: So /i the IAFJ—K_ ogr/wf

technique:




Mergesort

4

9

12

2

5

8

e P

12

ffﬁw‘r

5




Mergesort

6 (4 |9 |12/|2 |5 | 8 7

6 4 9 |2 2 5 8
sort I@ahc sort ri@half
4 6|9 12 V2% 2|5 7

\&/Z




Mergesort

9 112]| 2 8
6 12 2 5
| o
4 |12 2 5




Mergesort

2 1[12(,2 | 5 8
6 || 4 12 5
! |
4 | 6 12

- on




Mergesort

2 1[12(,2 | 5 8
4 12 5
| |
6 12 5

o



Mergesort

9 |[12/|2]|5 || 8
4 12 8
| |
6 12 7




Mergesort

6 (4 |9 |12/|2 |5 | 8 7

HOW?
6 4 9 12 2 5 8
sort I@ah‘ sort ri@half
4 6 9 |2 2 5 7




mergesort(A, start, end)

QOO @



mergesort(A, start, end)

if start < end \4[7\ 7

—— <

q < |(start 4+ end)/2]

mergesort (A, start, q)
mergesort (A,g+l,end)

merge (A, start, g, end)
N

else base case, return.

V‘][:\) T

QOO @



mergesort(A, start, end)

if start < end

q < |(start 4+ end)/2]

mergesort (A, start, q)
mergesort (A,g+l,end)

merge (A, start, g, end)

else

QOO @

( B(n)

&/
MERGE(A[L .. n], m):

i—1; j—m+1
fork — 1ton
if j>n
Blk] — Ali]; i —i+1
elseifi > m
Blk] — A[j]; j—j+1
else if Afi] < A[j]
Blk] — Ali]; i —i+1
else
Blk] — A[j]; j—j+1
fork— 1ton
Alk] — B[]

Jeff erickson



mergesort(A start, end)

running time"?
if start < end |

q < |(start + end)/2] |

1
@
@ mergesort (A, start, q) — )
4
5
I

\3

\5

mergesort (A,g+l,end) )
merge (A, start, g, end)

i @Cm)

U\) ZTC )T 9%)



T(n) =2T(n/2) +n = Bl log0)
orove: | () <Gﬂ-\Oij bBr Gipe
/c:g

Bese cor. ()= 3 %gs-l&?l‘—\i) = ¢

\/\7(73«%\/\@95 SU()FBS/( TCV‘)EO\/\\\O?V\ 7Eo/ JZEN=MNo.

Now TU‘“O:ZT(W%}TU‘”“) j( J=1 Ligo
= Z‘Ekﬂﬂé)‘fﬁjtw;;)] + (n.cl) “Lyb

:Qﬂ ﬂ)[bijM ~’L] + Um()
Qﬂ t >Q9@Aof



T(n) =2T(n/2) +n Pove T(n)=O0(nlogn)

property:  T(n) <cnlogn  forc>1
base case:

inductive step:



T(n) =2T(n/2) +mn g5 oo Tz Bl
show: T(ﬂ) = ﬂ\Ojﬂ
P@E Qe ey Wds ’E’f

0\,\\ V;é_ﬁ - Congides
T(a)) = 2_{—(“{]) + (YH']) ﬂiZ\ =N, A TUJ;) é(ﬂ;ﬁl)%@%

IV\K
Lj \/\j(v'ﬂﬂb

nES Ao it ¥ Lﬁ{ao%wsrs W o lds )EOP

éﬁ_(“%\)&j(”%!) + o
= O\H)[Qﬂj(,\u)H |} -(:LJ(J
- (“”) %(M) B @K‘) N This argument suffices for the upper

bound. One must also show a lower
- (m\\ Q”j(“w bound to establish a Theta bound.

Loy ()= by G- Los()







T(n) =3T(n/2)+9n  Goal: Show T(n) = O(n'%?)

Digits # operations — (og 2
\2 \ ((4)=77=20-% "~ Zo-y
21 —
- — - o — 9
4 % =209 — 1% /
16 1251
32 4041 Guess: T(n) < 20 - n'°8> — 20n
7—’ - _— —_—

64 12699



T(n) =3T(n/2) +9n  Goal: Show T(n) = O(n'°¢3)

Digits # operations
2 21 < 4T 2o
4 99 7 — 2
8 369
16 1251
32 4041 Guess: T(n) < /2?9 . nlog3 — 20n

64 12699 ;f7s*’

How did we arrive at this guess?



T(n) = 3T(n/2) 4 9n uess <o

Lets prove that  T(n) < 20n'°%2° —20n Assuming T(1) = 1




T(n) = 3T(n/2) 4 9n uess <o

Lets prove that  T(n) < 20n'°%° —20n Assuming T(1) = 1

By inspection, indeed, T(n) < 20n'°&3 —20n  when n<8.

Now soppose TCn) = 20093 200 for 0= Mo

TU\&>‘%‘/ w”/@)f Aot
£ 3T 20-2)7% 2o(t Y] + 7(nerr)



T(n) = 3T(n/2) 4 9n uess <o

Lets prove that  T(n) < 20n'°%2* — 20n Assuming T(1) = 1
By inspection, indeed, T(n) < 20n'°%23 —20n  when n<3.

A1l: Lets assume that T(n) < 20n'°22> —20n  when 7 <ng



T(n) = 3T(n/2) 4 9n uess <o

Lets prove that  T(n) < 20n'°%° — 20n Assuming T(1) = 1
By inspection, indeed, T(n) < 20n'°%2%—-20n  when n<3.
A1l: Lets assume that T(n) < 20n'°223 —20n  when n <mng

Consider the case of T'(ng + 1)

T(no + 1) = 3T((n0 + 1)/2) + 9(7’10 + 1) By definition



T(n) = 3T(n/2) 4 9n uess <o

Lets prove that  T(n) < 20n'°%° — 20n Assuming T(1) = 1

By inspection, indeed, T(n) < 20n'°%2%—-20n  when n<3.
A1l: Lets assume that T(n) < 20n'°223 —20n  when n <mng

Consider the case of T'(ng + 1)
T(l’lo + 1) = 3T((l’l0 + 1)/2) + 9(7’10 + 1) By definition
But since (no+1)/2 < ng and A1, it follows that

n+ 1\'°%° My + 1
Tny+1) <3 20 (= -20( =5 +9(ny + 1)




n
T(ng+1) <3 20<

0+1>10g3_20<n0+1>] +9(ny+ 1)
2

2(%2)7 26T e

\QQ CaJs¢.

( L\/l 9’<\> ZDQ\ (\)wjg ;D(_V)O(O + ?[W \‘)

< zody J° — 2| [101)

-

< 20 - Za(ane)



o+ 1'% My + 1
Tong+ 1) <3 |20 (=5 =20 (== ) | + 90+ 1)

= 20(ny + 1)!°83 — 30(ny + 1) + 9(ny + 1)



o+ 1'% My + 1
Tong+ 1) <3 |20 (=5 =20 (== ) | + 90+ 1)

= 20(ny + 1)!°83 — 30(ny + 1) + 9(ny + 1)

< 20(ny + 1)'°83 — 20(ny + 1)



o+ 1'% My + 1
Tong+ 1) <3 |20 (=5 =20 (== ) | + 90+ 1)

= 20(ny + 1)!°83 — 30(ny + 1) + 9(ny + 1)

< 20(ny + 1)'°83 — 20(ny + 1)

This expression matches our Assumption A.

—

EAM Lets assume that  T(n) < 20n'°%2° —20n when n < no}

Thus, we can conclude the proof via induction.
This establishes that T'(n) = O(n'°823)



Induction summary

T(n) < 20n'°223 — 20n IS TRUE for one case.

T(n) <20n'°&3 —20n  Suppose TRUE for n < ng

Showed that 1,2 imply that
T(ng+ 1) < 20(ny + 1)1°%23 — 20(ny + 1)

(Induction)



What happens if

we skip the @



T(n) = 3T(n/2) 4 9n uess <o

Lets prove that T(n) < 20n'°83
By inspection, indeed, T(n) < 20n'°%3 when n<1024.
A1: Lets assume that T(n) < 20n'023 when 71 < ng

Consider the case of T'(ng + 1)
T(no + 1) = 3T((n0 + 1)/2) + 9(71&1) By definition




T(n) = 3T(n/2) 4 9n uess <o

Lets prove that T(n) < 20n'°%3

—_—
By inspection, indeed, T(n) < 20n'°%3 when n<1024.
A1: Lets assume that T(n) < 20n'023 when 71 < ng

Consider the case of T'(ng + 1)
T(ng+ 1) = 3T((ny + 1)/2) + 9(ny + 1) sy deinition
But since (no+1)/2 < ng and A1, it follows that

ny+ 1 log 3
Tng+ 1) <3 {20 (=5 + 90+ 1)






ny+ 1 log 3
T(nyg+1) <3120 5 | +9(m, + 1)

< %Q(no + 1)log3 +9(ny+ 1)

This expression DOES NOT matches our Assumption A1.
So the induction STOPS! T(n) < 20n'0%3



Lower bound: T(n) = Q(n'°¢3)

Lets prove that  T(n) > n'°%?
Base case )= 7 (050 | /
Sugfl&% TCV\) D2R% KO?(} Hr N = V-~

TQ\M ﬂ) = B(cha_;/() — 7CWDf7 I g flss .
775-@&)@3

= 'H’\‘Q? CmAC(/Q~

T 00T 5 T 206%?)



Lower bound: T(n) = Q(n'°¢3)

Lets prove that T(n) > n'°%3
By inspection, indeed, T(n) > n'°23 when n<3.
A1l: Lets assume that T(n) > n'°23  when 1 <mng

Consider the case of T'(ng + 1)
T(ng+ 1) = 3T((ny + 1)/2) + 9(ny + 1) sy geiniion



Lower bound: T(n) = Q(n'°¢3)
Lets prove that T(n) > n'°%3
By inspection, indeed, T(n) > n'°23 when n<3.
Al: Lets assume that T(n) > n'°23  when 7 < mng
Consider the case of T(ng + 1)
T(ng+ 1) = 3T((ny + 1)/2) + 9(ny + 1) sy geiniion
But since (no +1)/2 < ng and A1, it follows that

ng+ 1

log 3
T(ng+1)>3 [( > ] +9(ny+ 1) > (ny + )log3



Combining the two, we
conclude that

T(n) = @(nloﬁ)




T(n) e ST(TL/Q) -+ 07  Exact solution...

Digits # operations
2 21
4, 99
8 369
16 1251
SE 4041
64 12699

]



T(n) e ST(TL/Q) -+ 07  Exact solution...

Digits

16
32
%

# operations

21
99
369
1251
4041
12699

19193 — 18,
_— 0 ——

21
f
99
369
1251
4041
12699
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Lets account for
all of the terms in
this recurrence.

.4
(/L) (fn/bE) ((njbl) = = = = = = = /bl o J[C\ab









T(n)=f(n)+a "
jon ot (5) +47 () + 0% () -+ a4 ()

et f (1) = O(nlo8 =€)



I510%

F10

I510°




ro= s (7)) 01 (3) 5001 ()

Case“f(n) _ O(nlogb a—e)

example: T(n)=4T(n/2) +n



T(n):f(n)+af( >+a2f<—>+a3f<

case 1: — logba € ) eraLf(bﬁL)
F(n) = O(no8-¢)

%=



1
+b+b" 4+ b"






ro= 0o (7)) 01 (3) 501 ()

case 1 (cont):



1= s () +20 (3) #2003 e ()
CaseZ:f — @(nlgb (1)

case 3:f -~ Q(nlgb - —+ e) and...



>amie T(n) = 8T (n/2) + O(n?)









example 2:

T(n)



T(n) =2T(n/2) + n’



T(n) = 16T (n/4) + n°






T(n) =2T (vn) +1gn
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rule of rabbits

1 month to mature

once mature, have 2 children each month
(ad nauseam)









Objective: Solve R(n) = R(n —1) + R(n —2)



A(x) = Ry + Ryx + Rox? + Rgx® + - - -



X

A(r) =

1 — o — 2

method of partial fractions



(1—x—2°) =



L

Alx) = -
@) (1 — ¢z)(1 — ¢z)

A As
AN =0 Y T o)




1
(1—¢x)



1 —ax

1—a:1:) 1



1
(1—¢x)






Review of generating functions method:



