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Karatsuba algorithm
7 (8 |9 Y 1|4 3]|]2

a b C d

Recursively compute

€ ac.bd, (a+b)(c+d) 37(n/2) +20(n)
@ ad + bc= (a+b)(c+ d) —ac — bd 20(n)
&) ac100° + (ad + bc)100 + bd 200




Karatsuba algorithm

7.8 |9 * 1 1432




Karatsuba(ab, cd)

Base case: return b*d If inputs are 1-digit

ac = Karatsuba(a,c)
bd = Karatsuba(b,d)
t = Karatsuba((a+b),(c

mid =1 - ac - bad

RETURN ac™1002 + mid*100 + bd

d))

3T (n/2) + 2n

4n
3N



T(n) = 3T(n/2) + O(n)




Tl

calculations:

Int 5

L Cl/\

7/{ 5

'Z'L <




T(n)=3T(n/2)+ 9n
O(nbgz (3))



T(n)=3T(n/2)+ 9n
O(nlogQ(S)) O(n1'589)



n1.589







simpler proof technigque”



@ induction red UX

goal: porove that some property P(K) is true for all k
Vk, P(k) holds



® onelong proof...

908‘ prove that some property P(K) is true for all k
Vk, P(k) holds



L Induction
Ck‘)aaSSSeiCC ase. P ( 1 )
?5)8& Ve i } mplies | (k T+ 1) true

P(k)



®  induction redux
asymptotic style

base case:P(’]’L>l< )

P(n*)

} implies P(k - ]_)true

P(k)

iInductive step:



Slmpler prOOf (guess +chk)
T(n)=3T(n/2)+ 9In



simpler proof

T(n)=3T(n/2)+ cn



simpler proof
T(n)=3T(n/2)+ cn
hypothesis: T(n) < 400cn!-59
The hypothesis is true for n=1. Suppose it is true for n<nO.

Now consider T(TL() -+ 1) — ST((TL() -+ 1)/2) -+ C(TL() —+ 1)

By the hypothesis

< 3-400c[(ny+ 1)/2)'7 + c(ny+ 1) because (us1y2is

3 -400c INE: ,
<—21.59 (ng+1)"77 + c(ny + 1)
< 399¢(n, + 17 + c(ng+ 1)
< 4OOC(nO —I— 1)159 Becase c(no+1) < c(no+1)1-5

Notice this conclusion EXACTLY matches the hypothesis.
This is essential for an induction proof.
What we have shown is that if T(n) < 400cn1-%9, then T(n+1) < 400c(n+1)1-5°



mergesort g

technigue;




MErgesort

4

9

|2

2

>

8

|2




MErgesort

9

|2

2

>

6

4

|2

2

>

8

sort left|halt

sort ri%\}hah‘

4 16| 9 12 2 | S || 7




MErgesort

4 |92 12|25 |8
6 |2
4 |2




MErgesort

4 |92 12|25 |8
6 |2
4 |2




MErgesort

4

9

|2

2

>

8

|2

|2




MErgesort

4

9

|2

2

>

8

|2

|2

~N




MErgesort

9 1121 2 || 5 7
HOW?
6 141912 2 || 5|8
sort left/half sort ri%w}ha\f
4
416/ 9112 2 || 5|7
5 | 6| 7 || 8 12




mergesmt(A, start, end)




mGFQGSOFJ[(A, start, end)

ﬁ

1f start < end

q < |(start + end)/2]

mergesort (A, start, g)
mergesort (A, g+1, end)

merge (A, start, g, end)

else base case, return.




ergesc>rt(A start, end)

ﬁ

1f start < end

q < |(start + end)/2]

mergesort (A, g+l, end) i—1; j—m+1
for k — 1ton

if j >n
merge (A, start, g, end) Blk] — Afi]; i <1
else if i > m
Blk] — A[j]; j —i+1
clse . .. else if Ali] < 4[1] -
Blk| — Ali]; i —i+1
else
Blk] — A[j]; j—j+1

fork — 1ton

A[k] — BIK]

e

@ mergesort (A, start, g) - MERGE(A[1 .. n], m):

|eff erickson




merQGSOrt(A, start, end)

running time"?

ﬁ

1f start < end

q < |(start + end)/2]

mergesort (A, start, g)
mergesort (A, g+1, end)

merge (A, start, g, end)

else ...




T(n)=2T(n/2)+n

prove:

hypothesis:
base case:

iInductive step:



T(n)=2T(n/2)+n

prove: T(n) = O(nlogn)

property:  T(n) < cnlogn  for c>1
base case:

iInductive step:



s\ TS O slan Tl = 6! th)
T(n)=2T(n/2)+n

show: 1) = n| Ojﬂ

Ahests holdy o
% wdds Fio ne S Aseet M He by )E
Mﬁﬁ; Ly —

0\/\\ V / (A Cov\g'){cu

o—n S —r(ﬂj'z}) f@%l)hj@%)
) =) T( g) V\H) ” | b \X;?vmb
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T(n) — 3T(I/l/ 2) + 91 (uess +on

Lets prove that T(n) < n'°%2° —20n s :



T(n) = 3T(1/2) + I ess -one

Lets prove that T(n) < n'°%2° — 20n rcsaming ) -

By inspection, indeed, T(n) < n'°&2° — 20n when n<1024.



T(n) = 3T(1/2) + I ess -one

Lets prove that T(n) < n'°%2° — 20n rcsaming ) -

By inspection, indeed, T(n) < n'°&2° — 20n when n<1024.

A1l: Lets assume that T(n) < n'°%3 — 20n when n < ng



T(n) = 3T(1/2) + I ess -one

Lets prove that T(n) < n'°%2° — 20n pssaming () =
By inspection, indeed, T(n) < n'°&2° — 20n when n<1024.
A1l: Lets assume that T(n) < n'°%3 — 20n when n < ng

Consider the case of T'(ng + 1)
T(n() + 1) — 3T((n0 + 1)/2) + 9(”() + 1) By definition



T(n) = 3T(1/2) + I ess -one

Lets prove that T(n) < n'°%2° — 20n pssaming () =
By inspection, indeed, T(n) < n'°%° —20n when n<1024.
A1l: Lets assume that T(n) < n'°%3 — 20n when n < ng

Consider the case of T'(ng + 1)
T(no + 1) — 3T((n0 + 1)/2) + 9(”0 + 1) By definition
But since (no +1)/2 < ng and A1, it follows that

n()+1 log 3 n()+1
T(ng + 1) < 3 _ 20 +9(ng+ 1)

2 2



[(n0+1)10g3 (n0+1)]
T(ng + 1) < 3 — 20 +9(n + 1)



[ ng + 1 08 ng + 1
I(nyg+1) <3 ( > ) —20( > ) +9(ny+ 1)

< (ng+ 1'% —30(ny+ 1) + 9(ny + 1)



[ ng + 1 08 ng + 1
I(nyg+1) <3 ( > ) —20( > ) +9(ny+ 1)

< (ng+ 1'% —30(ny+ 1) + 9(ny + 1)

< (ny+ 185 —20(ny + 1)



no+1 log 3 no'l'l
T+ 1) <3 | (=5 =20 (=5 ) | + 9w+ 1

< (ng+ 1'% —30(ny+ 1) + 9(ny + 1)

< (ny+ 185 —20(ny + 1)

This expression matches our Assumption Al.

4 )
Al Lets assume that  T(n) < n'°%23 — 20n when 7 < ng
- /

Thus, we can conclude the prooft via Induction.
This establishes that T'(n) = O(n'°82?)



Nnauction summary

T(n) < n'°23 — 20n 'S TRUE for one case.

T(n) < n'°%23 —20n Suppose TRUE for n < ng

Showed that 1,2 imply that
T(ng+ 1) < (ny + 1)°22° — 20(n, + 1)

(Induction)



VWhat happens If
we skip the -20n?



T(n) = 3T(1/2) + I ess -one

L ets prove that T(n) < n'°&’
By inspection, indeed, T(n) < n'°&> when n<1024.
Al: Lets assume that T(n) < n'o%3 when n < ng

Consider the case of T'(ng + 1)
T(n() + 1) — 3T((n0 + 1)/2) + 9(”() + 1) By definition



T(n) = 3T(1/2) + I ess -one

L ets prove that T(n) < n'°&’

By inspection, indeed, T(n) < n'°&?3 when n<1024.
Al: Lets assume that T(n) < n'o%3 when n < ng

Consider the case of T'(ng + 1)
T(no + 1) — 3T((n0 + 1)/2) + 9(”() + 1) By definition
But since (no +1)/2 < ng and A1, it follows that

ny + 1 )log3

+ 9(ny + 1)

I'(np+1) <3 ( >



ny + 1 )log3

T(n0+1)<3[< ]+9(n0+1)



ny + 1 l0g 3
+ 9y + 1)

I'(np+1) <3 ( ;

< (ng + 1)°¢° + 9(ny + 1)

This expression DOES NOT matches our Assumption A.
So the induction STOPS! T(n) < n'°&>



T(Tb) — ST(TL/Z) -+ @(nQ)(guess

chk)



0p)
Ll
O
8
@)
Ll
O
Z
<
Ll
=)

VONGERICHTEN

http://www.drblank.com/law301.jpg



http://www.drblank.com/law301.jpg

COOKDOOK

ASIAN FLAVORS OF

JEAN=GEURGES

elBulli2003
elBulli2004

JEAN-GEORGES

.\,5 L VONGERICHTEN




T(n) =alT(n/b) + f(n)
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o= 001 (3) 21 (3) +0 () - 4001 3

Case“f(n) __ O(nlOgb a—e)

example: T(n) =4T(n/2) +n



T'(n)=f(n)+af (%) +a’f (—) +adf (_



1
+b+b"+ -+ b"



1
+b+b"+ -+ b"



o= st (7))

case 1 (cont):



7o) = g+ (5) 487 () o () 400t 3
case 2: f — @(nlgb CL)

case 3. € _()_(T‘ngb d —+- e) and...



»eme? T(n) = 8T (n/2) + O(n?)









example 2:

14
17

T(n) :T( n) 24



T(n) =2T(n/2) + n”



T(n) = 16T (n/4) +n°






T(n)=2T (vn) +1lgn
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rule of rabbits

1 month to mature

once mature, have 2 children each month
(ad nauseam)









Objective: Solve R(n) = R(n—1) + R(n — 2)



A(x) = Ry + Rix + Rox? + Rax” + - -



Alz) = ——

1l — ¢ — 2

method of partial fractions












1 —ax

1——ax) 1









Review of generating functions method:



