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Lets account for
all of the terms in
this recurrence.
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Comparison
of how each
term in the
sum could
relate to the
others
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case1:f(n) _ O(nlogb 61—6)
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T(n) = f()+af( )+a2f( )+a3f( ) +aLf(b£L)

case1f( ) ( logba 6)

§u\<cwﬁ“6

Tla) < g™ 4 acb)\% t o C( >

_ log - & O - -
=, el a” a
C \ﬂ \ & bwj‘oa_e t bL((Oj\aG\—%> * o f b\,((?jb& - &')

Nodsce

@

A
9(-'
0O

/_‘\

o3
~
©

Bl o)
T BT

N




7t = 100 ot (5) 61 () + 4 () et ()
case1:f(n) _ O(nlogb a—e)
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T = 10+ o (5) 028 (33) ' (35) 4+t (57)

case1:f(n) — ( logba 6)
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Case1:f(n) — ( logba 6)

n log, a—e n log, a—e n log, a—e
T(n) < cn'°2% € + qc [ — +a’c| — 4+ o+ ate [ —
b b2 bL

= cnl%® e |1 + - + @ + - + i
plog,a—e p2(log,a—e) pL(log,a—e)

— Cnlogba—e 1+ a + az + .o + aL
albe a?/b?¢ al/ble

= cn'°8 97 [1 + b + b* + -+ + b1]



= cn'o% 8¢ [1 + b€ + b% + -+ + bL]

- \,_ \Ojbn
= cagwre] EY b=
Lo —
log. a- € | FLEN C“_l
=cn/ L%—ﬂl Sinceb > 1,6 > 0
o then b® > 1

06 ¢ &~ S G
S epn () O (o)



= cplo& ¢ [1 + b+ b +

= Cn

log, a—e

i e+

— 1

be — 1

. bLe]

Recall that
bL blogb n—pn

Sinceb > 1,e > 0
then b® > 1
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case 1: Lower bound
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/ Recall that L is the depth
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Master’'s Theorem T(n) = f(n) +af ( ) + a2f( ) + a3f( ) +af (b%)
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Master’s Theorem T(n) = f(n)+af (%) +df (bﬁz) +ad¥f (b%) o taly (bﬁL)

°® . - . Then T(n) = O(n'°% %)
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Master’s Theorem T(n) = f(n)+af (%) +df (b%) +ad¥f (b%) o taly (bﬁL)

°® . - . Then T(n) = O(n'°% %)

Case 2
2888 B8 Then T(n) = O(n'°%“log n)
fn) = O(n'°®9)



Master's Theorem T(n) =(f(n))+ af (%) +a’f (b%) +a’f (b%) +ootalf (b%)
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Case 2

2888 B8 Then T(n) = O(n'°%“log n)
fln) = B2

Case 3
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T(n)=f(_n)+af(%)+af( )+a3f( ) -.+a,Lf(bﬁL)
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o= 001 (3) 0 () 01 () 04 ()

case 2: E’/nk’j‘: < f(n) < cn'°®“

Ti logya |1 a a’ + + @
(n) < cn + Lo, a + p2log,a pLlog,a

= cn'°® [1 4+ 1+ 1]

= cn!lo% [logb n] = O(n'°%%log n)

Similar argument for lower bound.

S ——




T =50 +af () + 'S () + 'S () + 01 (51)

L/'zr-——\_]

case 3 fn) > dn'°®e+  pAng EIM cf(n) < |
af(%) < ¢ftn)
L \b/)

e b T G S

Ty ctyibely agghed o

5%



o 0 (3) 10 () 01 () 0001 ()
case 3: fln) > dn*®**  And Jc, afin/b) < cf(n)

n
af(z) < cf(n)

(3 b )

<a

(D)ol <o



T g0+ (3) + 1 () 7 () ot (3

t——
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o 0 (3) 10 () 01 () 0001 ()
case 3: fln) > dn*®**  And Jc, afin/b) < cf(n)

T(n) < fin) + cf(n) + c*f(n) + -+ + cLf(n)

:f(n) [1 +c+ c2 + ---CL] It is important that c<1 for the
sum term to be bounded by a
— O(f(l’l)) constant

Similar argument for lower bound.
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example from last class: T(n) p— 8T(n/2) —I— @(TLZ)

a=8,b=2f(n) =0On>



example from last class: T(’n,) p— 8T(n/2) —I— @(nZ)

a=8,b=2f(n) =0On>
Since f(in) < cn® = O(n'°%3 — 0.1) = O(n*?) then Case 1 applies.

Therefore T(n) = O(n'°%8) = O1?)
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Schoolbook approach
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Schoolbook approach
T(n)=4T(n/2) 4+ 30(n)
a=4,b=2f(n)=0mn)

Therefore, casel,
T(n) = On'°&% = O(n?)



example: -
14 oo
T(n) :BT (—n) + 24 o



example: 14

Since 24 = O(n'°8m+ 1y = O(1"), case 2 applies.



example: 14

Since 24 = O(n'°8m+ 1y = O(1"), case 2 applies.

Therefore T(n) = BO(log n)
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T(n) =2T(n/2) +n’
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5 <|— n3 C
> ase 3 applies.






T(n) = 7T(n/2) + O(n?)
Jg/ ff%f%;é-
=) Cc)rfegfm[/ £ o {OW wa M/fy

el coyate V?U/[/ C//ﬁ{/\



£ Yo
myﬁjo

g




\§2

Jn=w

/
afy

(m

PRI

) =2T (V) +1gn

/7[/)
-/ — 2. h(") = 2g) s

D D — %j[ﬂﬁf) \ég[/j[n
O 25 e ) =2






How to solve for L7

L
Zoj Cn 2L) —)
Take logs on both sides:
1
ﬁz—L)log@z}: log(2)- |

L
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How to solve for L7?

1
nit =72
Take logs on both sides:

1
oL logn = log(2)

Then multiply both sides by 2L, and
take logs again.

loglogn =L



How to solve for L7?

Take logs on both sides:
1
oL logn = log(2)

Then multiply both sides by 2L, and
take logs again.

loglogn =L
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For our purposes,
this value can be a

constant. Why not
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9) lg(l’l 1/2)

2 lg(nl/zz)

3 lg(n1/23)

2L lg(l’l 1/2L)



lg(n)



log log(n)

lg(n)

Ig(n)
Sums to
O(lognloglogn)
—Use nductionto

prove.
lg(n)



T(n) =2T (vn) +1gn

Lets rewrite with m = log n T CLV‘"\ =7 U\>
T2 = 2T(2m/2) +&-m
Define L/f) = J;’f’) S =T( ) New  Cecorn ne.

Slm) = 7«3@“ Y+ o
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T(n) =2T (vn) +1gn

Lets rewrite with m = logn
T(2™ = 2T(2™*) + ¢ - m
Define S(m) = T(2™)
S(m) = 285(m/2) + O(m)



T(n) =2T (vn) +1gn

Lets rewrite with m = logn
T2™ =2TQR™") +c-m

Define S(m) = T(2™)
S(m) = 285(m/2) + O(m)

Apply Master’s Thm case 2: S(m) = O(m log m)

Since m = logn, we have T(n) = O(lognloglogn)
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merge-sort (A, p,r)
it p<r

g p+7)/2]
— merge-sort (4,p,q)
__—merge-sort (A, ¢+ 1,7)
_merge(4,p.q,7)

MERGE(A[Ll..n],m):

i—1; je—m+1
fork«— 1ton
ifj>n
Bkl — Ali]; i —i+1
else if i >m
Blk) — Aljl; j —j+1
else if Afi] < A[j]
Bk] «— Ali]; i —i+1
else
Blk] — Alj]; j—j+1
fork— 1ton
A[k] < B[]

jeff erickson




MERGE(A[Ll..n],m):

jeff erickson

merge-sort (A, p,r) Tt e mtd
|f p <r for ki;j 1>th
q— [(p+71)/2] e Al i
B[k]HA[‘]; — 141
merge—sort (A,p, Q) else if Al <Aj[j] T
Blk] — Ali]; i —i1+1
merge-sort (4,q +1,7) e U o
merge (4, p, q,7) B R
Alk] — BIK]
L J




merge-sort (A, p,r)
it p<r

g p+7)/2]
merge-sort (A4, p,q)
merge-sort (A,q +1,7)
merge (4, p, q,7)

MERGE(A[Ll..n],m):

i—1; je—m+1
fork«— 1ton
ifj>n
Bkl — Ali]; i —i+1
else if i >m
Blk) — Aljl; j —j+1
else if Afi] < A[j]
Bk] «— Ali]; i —i+1
else
Blk] — Aljl; j—j+1
fork— 1ton
A[k] < B[]

jeff erickson




MERGE(A[1..n],m):
merge-sort (A, p,r) MERGR(AIL.1] _
|f p < T forki;; 1>t;)bn 8
- Blk] « Ali]; i —i+1
q - |_(p+r)/2J elseif£]>m . * %
Bl < Aljl; 1 —j+1 &
merge-sort (4, p, q) oo A s =41
Blk] — A[i]; i —i+1
merge-sort (A,q +1,7) LB [; s
merge (Aa b, q, T) fork<—1li<[,k3: Aljl; je—j+1
Alk] — Blk]
5 2 4 7 1 3 2 ¢
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merge-sort (A, p,r)
if p<r

g p+7)/2]
merge-sort (4,p, q)
merge-sort (A, ¢ +1,7)
merge (4, p, q,7)




merge-sort (A, p,r)
if p<r

g [(p+7)/2]
merge-sort (4, p, q)
merge-sort (A, ¢ +1,7)
merge (A4, p, ¢, 7)
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merge-sort (A, p,r)
if p<r

g [(p+71)/2]
merge-sort (4, p, q)
merge-sort (A, ¢ +1,7)
merge (A4, p, ¢, 7)

| 2 2 3 4 5 6 7
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merge-sort (A, p,
ge-sort (4.p,7)

g p+7)/2]
merge-sort (A4, p,q)
merge-sort (A,q +1,7)
merge (4, p, q,7)

T(n)=2T(n/2) 4+ O(n)
= O(nlogn)



