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T(n) =alT(n/b) + f(n)



T(n) =alT(n/b) + f(n)

| ets account for
all of the terms In
this recurrence.







Comparisor
of how eacr
term In the
sum could
relate to the
others




T(n) = f(n)+af () +af (35) +a*f (55) + +abf (57 )

b b? b> hL
case 1:f ( n )

O(nlogb 1— e)
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o= 001 (3) 21 (3) +0 () - 4001 3

Case“f(n) __ O(nlOgb a—e)

example: T(n) =4T(n/2) +n



1) = g0 01 )+ (3) + 04 () 4404 (i)
case 1:f(n> — O(nlogb &Z—e‘)



T(n)

CasSe

. log, a—e "
T(n) < cn'°% %€ 4 gc (;) + a’c (—

1:

s +af (3) +af (53) +af (35) ++abs (3

b b2

f(n) = O(n8"=¢)

b3



1) = g0 01 )+ (3) + 04 () 4404 (i)
case 1:f(n> — O(nlogb &Z—e‘)
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= cn'°® ¢ [1 + b€ + b% + - + bL]

Sinceb > 1l,e > 0
then b® > 1



= cn'°® ¢ [1 + b€ + b% + - + bL]

L+1
b Al — 1 Recall that

— log, a—e¢
be — 1 bt = plos" = p

Sinceb > 1l,e > 0
then b® > 1



= cn'°® ¢ [1 + b€ + b% + - + bL]

e(L+1) _
_ C.nlogb a—e€ 'b 1 ] Recall that

be — 1 bL — blogbn =
— 108y a—¢ b'n” — 1 Sinceb > 1,e > 0
be — 1 then b€ > 1



= cn'°® ¢ [1 + b€ + b% + - + bL]

e(L+1) _
_ C.nlogb a—e€ 'b 1 ] Recall that

be — 1 bL — blogbn =
— 108y a—¢ b'n” — 1 Sinceb > 1,e > 0
be — 1 then b€ > 1
cb®

<

log,a—€ e _ O log, a
n
be — 1 ] = 0=



) = f +af () ”Nb? (%) \( )
case 1: Lower bounao

We have:
. n Recall that L is the depth
T(n) a”f ( ) of the recursion and
g bL L log, n
a~- =da
(o, &



Master’s Theorem T(n) = f(n) +af (%) +a2f (bﬁz) ey (bﬁg) NS (bﬁL)

Then T(n) = @(nlogb a)

f(n) = O(n'°&97¢) ¢ > 0



Master’s Theorem T(n) = f(n) +af (%) +a2f (bﬁz) ey (bﬁg) NN (b%)

Then T(n) = @(nlogb a)

f(n) = O(n'°&97¢) ¢ > 0

Case 2

f(n) — @(nlogb a)




Master’s Theorem T(n) = f(n) +af (%) +a2f (bﬁz) ey (b%) NS (bﬁL)

Then T(n) = @(nlogba)

f(n) = O(n'°&97¢) ¢ > 0

Case 2
aae e @ Then T(n) = O(n'°%1og n)

f(n) — @(nlogb a)




Master’s Theorem T(n) = f(n) +af (%) +a2f (bﬁz) ey (bﬁg) NS (bﬁL)

Then T(n) = O(n'°%%)

fin) = O(n'°%97¢) ¢ > 0

Case 2

aae e @ Then T(n) = O(n'°%1og n)

fin) = O

Then T(n) = O(f(n))

f(n) = Q1'% ¢ > 0and Ic < 1, af(n/b) < cf(n)




o= o (3) #4132

case 2. C’nlogb“ <f(n) < Cnlogba



T(n) = () +of (3) +af (55) +*f () + o+ a"f (57)

case 2. C’nlogb“ <f(n) < Cnlogba

2
a a
T1(n) < C‘nlogba [1 + (blogba) + (bZlogba) 4 ..+ (b




T(n) = () +of (3) +af (55) +*f () + o+ a"f (57)

case 2. C’nlogb“ <f(n) < Cnlogba

T( )< lOgba l‘l‘ a n a2 n N aL
) o plog,a p2log,a pLlog,a

— Cnlogba [1 4+ 1 + 1]

p— Cnlogba [lOgb n] — O(nlOgbalOg n)

Similar argument for lower bound.



T(n) = () +of (3) +af (55) +*f () + o+ a"f (57)
case 31 f(n) > dn"*®“**  And Jc, af(n/b) < cfin)

n
af(;) < cf(n)



T(n) = () +of (3) +af (55) +*f () + o+ a"f (57)
case 31 f(n) > dn"*®“**  And Jc, af(n/b) < cfin)

n
af(;) < cf(n)

< c*f(n)

CRIE




T(n) = () +of (3) +af (55) +*f () + o+ a"f (57)
case 31 f(n) > dn"*®“**  And Jc, af(n/b) < cfin)



T(n) = () +of (3) +af (55) +*f () + o+ a"f (57)
case 31 f(n) > dn"*®“**  And Jc, af(n/b) < cfin)

T(n) < f(n) + cf(n) + c*f(n) + -+ + ctf(n)

= f(n) [1 4o+ c?+ ---CL] t is important that c<1 for the
sum term to be bounded by a
— 0( f(n)) constant

Similar argument for lower bound.



example from last class: T(n) — 8T(n/2) —|— (“)(nz)



example from last class: T(n) — 8T(n/2) —|— (“)(’I’LQ)

a=8b=2fn) =00



example from last class: T(n) — 8T(n/2) —|— (")(TLQ)

a=8b=2fn) =00
Since f(n) < cn? = O(n'°%2°% — 0.1) = O(n*”) then Case 1 applies.

Therefore T(n) = O(n'°22%) = O(n”)
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a b C

Schoolbook approach

T'(n)=4T(n/2)+ 30(n)



7 (8 9 W

a b C

Schoolbook approach
T'(n)=4T(n/2)+ 30(n)
a=4,b=72fn)=0mn)

Theretore, casel,

T(n) = O(n'°2*) = O(n°)



example:
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17

T(n) :T( n) 24



example:
14
Tn)=T (1711) + 24

Since 24 = O(n'°8ms 1y = O(n"), case 2 applies.



example:
14
Tn)=T (1711) + 24

Since 24 = O(n'°8ms 1y = O(n"), case 2 applies.

Therefore T(n) = O{og n)



T(n) =2T(n/2) + n”



T(n) =2T(n/2) + n”

Since n° = Q(n'°82°7€) and 2 A :
5 < | — I/l3 C
5 ase 3 applies.



T(n) = 16T (n/4) +n°



T(n) = 7T(n/2) + ©(n?)






T(n)=2T (vn) +1lgn



1/4

) lg(n 1/2)

22 lg(n 1/22)

23 lg(n 1/23)

2L lg(n 1/2L)



How to solve for L7

Take logs on both sides:

|
oL logn = log(2)



How to solve for L7

Take logs on both sides:
|
oL logn = log(2)

Then multiply both sides by 2L, and
take logs again.

loglogn =L



How to solve for L7

1 ~Or Our PUrpPoOsSes,
L — this value can be a
L 2 constant. Why not
17

Take logs on both sides:
|
oL logn = log(2)

Then multiply both sides by 2L, and
take logs again.

loglogn =L



1/4

) lg(n 1/2)

22 lg(n 1/22)

23 lg(n 1/23)

2L lg(n 1/2L)



1/4

Ig(n)




Sums to

O(log nloglogn)
Use Induction to
Orove.




T(n)=2T (\/T_l) + lgn

| ets rewrite with m = logn
T(2™) = 2TQR™H + ¢ - m

Define S(m) = T(2™)



T(n)=2T (\/T_l) +lgn

| ets rewrite with m = logn
T(2™) = 2TQR™H + ¢ - m
Define S(m) = T(2™)
S(m) = 25(m/2) + O(m)



T(n) =2T (\/T_l) + lgn

| ets rewrite with m = logn
T(2™) = 2TQR™H + ¢ - m

Define S(m) = T(2™)
S(m) = 25(m/2) + O(m)

Apply Master’s Thm case 2: S(m) = O(m log m)

Since m = log n, we have T(n) = O(lognloglogn)
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—xamples we will discuss






merge-sort (A, p, )
it p<r

q— [(p+7)/2]
merge-sort (4, p, q)

merge-sort (A,q +1,r)
merge (A, p, q,r)

MERGE(A[L..n|,m):

i—1; j—m+1
fork «— 1lton

if 1 >n
Blk] — A
elseif 1 > m
Blk] — A

];

il J—J+ 17

else if Ali] < Alj]

Blk] +— A
else

Blk] — A[j]; je—j+1°

fork—1ton
A[k] %B[k]

];

1 «— 1+ 1

1 «— 1+ 1

erickson

L
1

ie




merge-sort (A, p, )
it p<r

q— [(p+7)/2]
merge-sort (4, p, q)

merge-sort (A,q +1,r)
merge (A, p, q,r)

MERGE(A[L..n|,m):

i—1; j—m+1
fork «— 1lton

if 1 >n
Blk] — A
elseif 1 > m
Blk] — A

];

il J—J+ 17

else if Ali] < Alj]

Blk] +— A
else

Blk] — A[j]; je—j+1°

fork—1ton
A[k] <—B[l€]

];

1 «— 1+ 1

1 «— 1+ 1

erickson

L
1

ie




merge-sort (A, p, )
it p<r

q— [(p+7)/2]
merge-sort (4, p, q)

merge-sort (A,q +1,r)
merge (A, p, q,r)

MERGE(A[L..n|,m):

i—1; j—m+1
fork «— 1lton

if 1 >n
Blk] — A
elseif 1 > m
Blk] — A

];

il J—J+ 17

else if Ali] < Alj]

Blk] +— A
else

Blk] — A[j]; je—j+1°

fork—1ton
A[k] %B[k]

];

1 «— 1+ 1

1 «— 1+ 1

erickson

L
1

ie




MERGE(A[l .. n],m):

merge-sort (A, p, r) O T B C
If p < r for kif? 1>th 8
k| «— Alil; 4« 1
q— l(p+7)/2] aseifiom LT
Blk] — Alj]; j—Jj+17
merge‘SOrt (A, p, C]) else ifA_[i] <A_{j] T D
Bkl — Alil; 1+—1+1 H—
merge-sort (A, ¢+ 1,7) e TS
merge (4, p, q, 1) B g
A[k]<—B[l€]
S 2 4 [ | 35 2 6
S 2| & | U I RS VAN NG
5 | X 4 L 5 2006

B B




merge-sort (A, p, )
it p<r

q— [(p+7)/2]
merge-sort (4, p, q)

merge-sort (A,q+1,7)
merge (A, p, q,r)




merge-sort (A, p, )
it p<r

q— [(p+7)/2]
merge-sort (4, p, q)

merge-sort (A,q+1,7)
merge (A, p, q,r)

:

7
1 |

2 5 4 7

| 2 3 6
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3 2




merge-sort (A, p,r)
it p<r

q— [(p+7)/2]
merge-sort (4,p, q)

merge-sort (A,q+1,7)
merge (A, p, q,r)




merge-sort (A, p,r)
if p<r

q— |(p+r1)/2

merge-sort (A,
merge-sort (A4,
merge (A4, p, q,

T(n)=2T(n/2) 4+ O(n)




