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ain a2 - Q1n b1,1 b1,2 bl,n 1,1 C2 - Cin
a1 Q22 -+ QA2n b2,1 b2,2 b2,n C21 C2 - Caon

Gn,1 Qp2 -*°° Qn,n bn,l bn,2 e bn,n Cn,1 Cp2 - Cn,n



a1 Q12 - G1n b1,1 b1,2 bl,n 1,1 C2 - Cin
a1 Q22 -+ QA2n ba.1 b2,2 b2,n C21 C22 -+ Can

an,1 Gp2 " Qnn bn,1 bn,2 T bn,n Cnil Cn2 *°° Cpnp



ain a2 - Q1n b1,1 b1,2 bl,n 1,1 C2 - Cin
a1 Q22 -+ QA2n b2,1 b2,2 b2,n C21 C2 - Caon

Gn,1 Qp2 -*°° Qn,n bn,l bn,2 e bn,n Cn,1 Cp2 - Cn,n
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A Bl[E F-
Cc D||G H
AE+BG AF—I—BH
CE+DG CF+ DH




A BI|| E F
' C D || G H
:[AE+BG AF+BH]

CE+DG CF+ DH

T(n) = 8T (n/2) + O(n?)

O(n°)



[ AE4+BG AF +BH
~ | CE+DG CF+DH

[Strassen]
P, =A(F—-H)

P,=(A+B)H
Ps=(C +D)E
Py =D(G - E)
Ps=(A+ D)(E+ H)
Ps = (B — D)(G + H)
P;=(A—C)(E+F)



R=b+bh-bh+bl A4 BG AF + BH S|=pPi+P,
CE+DG CF+ DH

T=P3+ Py U=PFP+P —Ps—-F
[strassen]
P, =A(F—-H)
=(A+ B)H
=(C+D)E
Py=D(G—-E)
=(A+D)(E+H)

Ps = (B — D)(G + H)
—(A—-C)(E+F)



R=h+h-h+hl AR 4+ BG AF + BH S|=P +P,
CE+DG CF+DH

T=P3+ Py U=PFP,+P —P5— P,
[strassen]
P, = A(F — H)
—(A+B)H M(n) = 7M(n/2) + 18n?
3 =(C+D)E 1
P, = D(G - E) —@( 062 )
=(A+D)(E+ H)

Ps = (B — D)(G + H)
P;=(A—C)(E+F)



taking this idea further

3x3 matricies [Laderman’75] in 23 mults



1978 victor pan method

70x70 matrix using 143640 mults

what is the recurrence:
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problem: given a list of n elements, find the element
of rank n/2. (half are larger, half are smaller)



problem: given a list of n elements, find the element
of rankA72. (half are larger, half are smaller)
can generalize to i

first solution: sort and pluck.

O(nlogn)




problem: given a list of n elements, find the element
of rank i.

key insight:
we do not have to “fully” sort.
semi sort can suffice.




pick first element
partition list about this one
see where we stand



: review: how to partition a list :



: review: how to partition a list :
—/

GOAL: start with THIS LIST and END with THAT LIST

less than ——" ™~ greater than




: review: how to partition a list :



review: how to partition a list SCwp



: review: how to partition a list :



: review: how to partition a list :

v v
S, A—



: review: how to partition a list :

<=
s (<R
<=



review: how to partition a list

partitioning a list about an element takes linear time.




select (i, A[1,...,n])



W
p
select (4, A[1,...,n])
—handle base case of 1 element.
partition list about first element <
if pivot p is position i, return pivot
else if pivot p is in position > i select (%, A[1,...,p —1])

else select ((7, —p— 1),A[p—|— 1,... ,n])



. Assume our partition always
select (4, A[L,..., n]) splits list into two eq| parts
handle base case.

partition list about first element

if pivot is position i, return pivot

else if pivot is in position >i  select (4, A[L,...,p —1])

else select ((1—p—1),Alp+1,...,n])



AN Assume our partition always
select (4, A[L,...,n]) splits list into two eql parts

handle base case.

partition list about first element

if pivot is position i, return pivot

else if pivot is in position >i  select (4, A[L,...,p —1])
else select ((1—p—1),Alp+1,...,n])

T(n)=T(n/2)+ O(n)

O(n)



z problem: what if we always pick bad partitions? :



5/ problem: what if we always pick bad partitions?




problem: what if we always pick bad partitions?




problem: what if we always pick bad partitions?




select (i, A[l,...,n])

handle base case.

partition list about first element

if pivot is position i, return pivot

else if pivot is in position >i  select (4, A[L,...,p —1])
else select ((1—p—1),Alp+1,...,n])



@(i,fl[l,...,n])

handle base case.
partition list about first element
/ if pivot is position i, return pivot
else if pivot is in position >i  select (2, A[1,...,p —1])
else select ((1—p—1),Alp+1,...,n])

n-<
T(n)=T(n—1)+ O(n)

—

O(n?




Neeaeq:

a good partition element

partition (A[1,...,n])
—



Neeaeq:

a good partition element

partition (A[L,...,n]) produce an element where
30% smaller, 30% larger




solution:
bootstrap



partition (A[1,...,n])




partition (A[L,...,n])




partition (A[1,...,n])

divide list into groups of 5 elements
find median of each small list using brute force
gather all medians

coong e we dian o s ned st

dM{ diga - a{’ MQIIWSU



median of
each group

foma @@ @ Bl1,...,[n/5]]

smaller list
select([n/5]/2,BI1,...,[n/5]])~--.

P e
— —_—_——————

use the median of this
smaller list as the

partition element .




partition (A[1,...,n])
0008 [ O00ee I 00
Rox cose * o Lsst <5 dementy

divide list into groups of 5 elements

find median of each small list using brute force @ U\>
gather all medians

call select(...) on this sublist to find median N
> 5 (LJ )

return the result

T\>U\>: D+ S(1%D)



partition (A[L,...,n])
bag e
divide list into groups of 5 elements

find median of each small list
gather all medians

call select(...) on this sublist to find median

return the result

P(n) = 5([n/5]) + O(n)




a nice property of our partition




a nice property of our partition
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Imagine rearranging the
elements by sorting each
column and then also sorting
the medians.



SWITCH TO A BGGER EXAMPLE
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SWITCH TO A B\GGER E><AMPLE
o X
These yellow elements are all smaller ﬁ .

than the median. How many are there?
. . P OO
. o0 . * . .
E—? - @C 00 O
¥

Ce0C T
%f C;)(U%/*S (n &\"Q_
‘j@\lbu\/ N A 'QKC\UJ}V\é/ ‘E"/T 2« (%d—




SWITCH TO A B\GGEP E><AMPLE

These yellow elements are all smaller
than the median. How many are there?

((3om]-9

>0 6
= 10

There are [n/5]/2 columns. Ignoring the first and N-— (3‘,’\ ) >
last, each column has 3 elements in it that are
smaller than the median. 4




a nice property of our partition

3n
> —6
10
\Dml‘\ow—& =
this implies there are
at most 7n 46 numbers ]Q o
10 Prge
larger than \"‘@U e

/smaller xP”"J‘; Ko




a nice property of our partition



The median-of-medians is guaranteed to
have a linear fraction of the input that is
smaller and larger than it.



M

p
select (i, A[l,...,n])

handle base case for small list

else pivot = FindPartitionvalue(a,n) e— { (n)

partition list about pivot () hov 15917

if pivot is position i, return pivot o)
else if pivot is in position > i select (4, A[1,...,p —1])- S L © ‘%>

else select ((i —p—1),Alp+1,...,n]). S(m{ﬂ T@)
0

Sy =S [Eel) 1 )t 00
=S« S(1%) 1 8c) = D(a)



FindPartition (A[1,...,n])

AT AT T 2T T AT T AT T AT AT AT TN T T T T
v v v v v v v v
I I I | I I I I
A A A A A A A A
PO e PO e

divide list into groups of 5 elements
find median of each small list
gather all medians

call select(...) on this sublist to find median

return the result

P(n) = 5([n/5]) + O(n)



WM

p
select (i, A[l,...,n])
handle base case for small list
else pivot = FindPartitionValue(A,n)
partition list about pivot
if pivot is position i, return pivot
else if pivot is in position >i  select (4, A[1,...,p —1])

else select ((i—p—1),Alp+1,...,n])

S(n) = S([n/5]) + O(n) + S([Tn/10 + 61)

You can use induction like in the
@ (n) homework problem.



How to get intuition for S(n)
\/\\ . n
it @ 2 (—é—::—z—pﬂ
AN )\ O(-)
e @y R 0 (59
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Fourier &
Prausiorm



Fourier transforms are used in signals processing and EE.
We are going to present a CS interpretation of the technique.



big ideas:



big ideas:

1.] Changing representation from Tmpo/ ol
polynomial (coefficient form) int
polynomial (point-wise form)

2. Clever divide and conquer

-
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%
\j = C+ o ¢« ax
~S=c EQQJG:\EaAsl 2 unUsrours
20 = Cc % 64 4 T5n . =2 WL o e j:M A

SLE= CX(0-br (O




y —= Q.
—5 = a0 + bl
30 = a(5%)
515 = a(102),

2 b 4 C

) + ¢

- b5 + ¢
+bl10+c




y = ai’ + bz + ¢

—5=a0 + b)) + ¢
~  30=a(5*)F b5+ c
515 = a(10%)4+ b10 + ¢

Solving this system yields
y="7x>*-38x—-5




A(x) = ag + a1x + a,2x2 4 ..+ an_leri

This is a polynomial. Its standard
representation is given by its coefficients.

DL
7S evaloattn Wt N0 &;ﬁemf Qofn“T



n points on a curve

degree n — 1
polynomial H

Aw)
Ceaﬂz@w oot wige ch\

Two ways to represent a polynomial.



FT
input: Clﬂ, ai,az,...,qn—-1 g C@eﬁh;mﬁ
A(x) = ag + a1z + agx® + -+ + ap 13"

OUTPUt: 6 )l yekton 55 A 0 Wﬂem\‘( PMJ‘S-

1



FFT
input: A, A1, A2,y . . ., App—1
A(x) = ag+ a1x + 0,2332 4+ ... 4 an_lajn—l

output: evaluate polynomial A at (any) n different points.

n points on a curve

Ale) YN




| ater, we shall see that the same
iIdeas for FFT can be used to
Implement Inverse-FFT.

Inverse FFT: Given n-points,



The same ideas for FFT can be
used to implement Inverse-FFT.

Inverse FFT: Given n-points,

Yyo, Y1, - -, Yn—1
find a degree n polynomial A such that
yi = A(w;)



FFT
input: g, A1,A2,...,An—1
A(x) — a;() + a1x -+ a2x2 4 e+ an_lmn—l

output: evaluate polynomial A at (any) n different points.
n points on a curve

A)lmp |- .
Be ke )Cuf(( L evdudke af // \

_\_r’z’lg/ SN ':> N-N = @QV\L)
w\jm‘(‘w




A(x) = ap + a17 + ax® 4+ -+ ap_12"

Brute force method to evaluate A at n points:

7 ")



solve the large problem by

solving smaller problems
and combining solutions

o A
T=20(2)« O0w) - @ (l03n)



Aﬁ) = ap + a1 + CL2332 4o 4 an_lxn—l

— Zp‘( QEKZ{ 5?:_, <1 Qw-?_ X”‘ L
“¥ < Azx’ Rsd 4 o B
Define
/‘E A@ (,K) = Q_,o < G‘\Z}Q Y 0(%5(2 L - - Qh—l ?éh’L{L> @35(\/\ (8
_ (ﬂ( Ce(_
AoC) = Gt Rsx - Ags” G, T )

*3)
A[Q : Aéul> t A L><L>



A(:C) = ap + a1x + a251;2 4 ... 4 an_lxn—l

2 4 _9
= ag + axx” + a4x _}_..._*_an_%vn

3 5 1
+ai1x + asx” +azx” + - - _|_an_1xn

Ae(x) = ag + a2x + a,4;1;2 4 ...+ anx(n—Z)/Q
AO(CB) = a1 + a3x + a5x2 + ... 4 an_lm(n—Z)/2

A(CU) = A (2%) + zA,(2?)



Az) = Ac(2?) + 2 A, (27

_——

suppose we had already had eval of A,, A, on the values {4,9,16,25}
ﬁe( ) ﬁo (9)

A0 B0y AR = A ¢ ALY
Ae(25) Ao(25

’ ) ACD = Aoy - 2-A:(4)

A(3) =) « 3-AL)
A = he) ~ 2 A(9)

)



A(z) = Ac(2?) + A, (2?)

suppose we had already had eval of Ae,Ao on {4,9,16,25}
A (4
)

A16
A25

z%@

CO

) Then we could compute 8 terms:

I AQ) = AL(4) + 24,(4)
A(=2) = A.(4) + (=2)A,(4)
A(3) = Ac(9) + 3A,(9)
A(=3) = A.(9) + (=3)A,(9)

A(g), AC4), AGs), AC5)

OO




What we need

We could compute

A(2)
A(=2)
AQ3)
A(=3)
A(4)
A(=4)
A(S)
A(=35)

8, degree n



What we need

Wgoould&\pute If we had...
@ AGaw) A )
A(=2) A,09),A,09)
AQ3) ,(16),A (16)
A(=3) ,(25),A,(25),
A4)
A(—4)
A(S)
A(—S)X

8, degree n 8 degree n/2



What we need

We could compute If we had... Whil?jh we t If we had...

AQ) A ) A G could compute

A(=2) A,(9),4,9)
AQ3) A,(16),A,(16)

A(=3) A,(25),A,(25)
A(4)

A(—4)
A(S)

A(=53)

8, degree n 8 degree n/?2



What we need

We could compute If we had... Whil?jh we t If we had...
A(2) Ae(4)’ A0(4) Ccould compute
A-2) A9, 4,0) Ao (16),4,,(16).A4,,(16). A, (16)
A(3) A,(16),A (16) A, (81),A,,(81),A,,(81),4,,(81)
A(-3) A,(25),A,(25) A,(256), A,,(256), A,,(256), A,,,(250)
A4) Ao f(625). A,,(625), A, (625), A,(625)
A(=4) -
A(S)
A(-5)

8, degree n 8 degree n/?2 16 degree n/4



What we need

We could compute If we had...  Which we If we had...
could compute
AQ2) A,4),A,4)
A(=2) A,9),A,(9) A(16),4,,(16),4,,(16),4,,(16)
A(3) A,(16),A(16) Aee(81),A,,(81),A,,(81),4,,(81)
A(=3) A,(25),A,(25) A, (256),A,,(256),A,,(256),A,,(256)
A4) A, (625),A,,(625),A,,(625),A,,(625)
A(—4)
A(5) We need a better way to pick the points.
The FFT uses the roots of unity.
A(-5) e

8, degree n 8 degree n/2 16 degree n/4



Roots of unity
™ =1

should have n solutions

—
what are they?



Remember this?

Tt — 1

[é@TL\}Q@j ﬂ‘(s Cotn V\Jf\" vt 0{ uu\r'&?/



the n solutions are: " I
consider {17627m'/n g2miz/n) 2mid/n .,627r2'(n—1)/n} j Cods of
: e _
gt Jorant] U«ﬁ((

ACH - o\ < ~
[6 :( = (C'LT>) - (Sj: L



n __
r =1
the n solutions are:

consider 627T7:j /n for j=0,1,2,3,...,0°1

[6(27ri/n)j]n: [6(27ri/n)n:|j _ [6271'1'].7 _ 1j

b‘f\"cj‘”
627”/]/” - wj 7, is an nth root of unity
e— L JI

Won,W2ny- -y Wn—-1n



What is this number?

6271-13/7?' - wj)n is an nth root of unity

(/‘]([%; 62—(\:/% AVES, S S A A



What is this number?

627”3/72’ - wj’n is an nth root of unity

e’ = cos(x) + isin(x)

eI/, — cos(27j/n) +isin(27tj/n)




627”0/” - w37n is an nth root of unity

Won,W2ny---yWn—-1n
Lets compute W18
u((?): COSQZTV%3 £ - &N (\2’(\/%)

- C”S(“(S“‘> S g‘«\(“(?)

(L L\ ©
~Q\r2, K €> = /L

J2
Gs(ts) =5 - dji



Compute all 8 roots of unity

Wo) w1
LT -° 1
1
0.71
0
—0.71

C

W2 w3
”'%_ T4
- C

W4

Ws

We w7z

eos (43) ¢ -5 (f2)

T

T

©

\z\)}/b
7]
Vd“'r‘()

O

"‘/S{b

|

[
QWZ(‘b

?

o \"}’/‘f) .

|
—1-0.71

0w

b

Then graph them



roots of unity
" =1
should have n solutions
2/ — cos(27j/n) + isin(27j/n)

w18

Wo.n




roots of unity
" =1
should have n solutions

2/ — cos(27j/n) + isin(27j/n)




Squaring the nth roots of unity
' =1




Thm: Squaring an nth root produces an n/2t root.

7 1 i\
example: w18 = E + ﬁ

vl s Al ~
= AiJv ~ S o= oz YUY g

: 2
-\ j—-’> 12, st \
Q:, € . ““—’——"-&. —
g o) o= T )



Thm: Squaring an nth root produces an n/2t root.

1
example: w1,8 = (ﬁ + %)

b () - () () ()
=1/2+i—1/2

=1



-Sguaring the nth roots of unity
r" =1 2 =1

W1,8

W14

wo,4

Squaring all of the nth roots of unity
produces the n/2th roots of unity

w3 4
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A(z) = Ac(2?) + 2 A, (2?)

evaluate at a root of unity

/Af(,W\,%)> - Ae (\Q’Jwﬂy“) W fo Qw’/@;?



A(z) = Ac(z7) + zAo(27)

evaluate at a root of unity

d9 ” My 0@}7/1,
_ 2 2
A(wi,n — fé/e(wi,n) _1_ wi,nAO(wi,n)
afl . " root n/2th root n/2th root

T@ - ZT(/QL> 1 @CV\)



FFT(f=al1,....nD

Evaluates degree n poly on the nth roots of unity

@0‘31 CoAN ™ ?j\ ATS descee L Cotin AU)

/
EC-D= FFT (Ae) /o Ao evalowhd ot
0 0.3 = FFT (A e oty of ey

Combin %r :): o.. n-t 7
4 ( Wﬁ/") - ELQ’J.JIV‘)WL] A [’Jj e O [ (w,‘)m)j‘]
élejuﬂ\d\ )ﬂf\g W {\ngk{j



FFT(f=al1,...,nD

Evaluates degree n poly on the nth roots of unity
( N

Base case if n<=2

E[ . ] <- F"—F(Ae) // eval Ae on n/2 roots of unity

O[ . ] <- FI-—I'(AO) // eval Ao on n/2 roots of unity

0, . n-(
Fort—;% combine results using equation:

A(win) = Ae(wzz,n) =+ wi,nAO(wzz,n)

A(wi,n) = Ae(wi mod n/Q,%) + wi,nAo(wz' mod n/Z,%)

Return n points.




—xample

J(\/l( TADK

FFT(@,1,3,5,2.3,1,4) ¢
‘,_";’:——-——\~

What does this function compute?



—Xample
FFT(4,1,3,2, 2(374/C> De fines o PDKTMW'CW(A

What does this function compute?

-

X
[t evaluates 4 + 1x + 3x2 + 2x3 + 2x4 + 3x5 + 1x6 + 4x7

on the 8th roots of unity, which are

AL, Alos), d o) o Al y)

1% %QV\U (\) ‘ﬁﬁm(



—xample

FFT4,1,3,2,2,3,1, 4)

What does this function compute?

/A[ (z}’

[t evaluates tﬁ IX 4+ 3x2 + 2x3 + 2x4 + 3x2 + 1x6 + 4x7

on the 8th roots of unity, which are

w1 wr ws3 Wy Wws We wy ws

Sl
_l_
St



AX) = 4 + 1x + 3x2 + 2x3 + 2x4 + 3x5 + 1x6 + 4x7

—_—

Aébdz Gt Do+ 2y = o

2 3
ADQQ; R SPA S 2" < kx

T FPT will evludt Ae @ e 0 \f sty
o Ao 0 ©

L(J('ffoa% 7\}\\.6,(—?&)



gﬂ%ﬂ AX) =4 + 1x + 3x2 + 2x3 + 2x4 + 3x° + 1x6 + 4x’

Aols) = 4+ 3cx 280
//\DCXB 7| A L 3.0 b

- etuens ,
F1(A) = (o 2z 2 e
i nodls ) UA¢+B e Z \) C,”:l_,—ij

/ -
1 . -1

cefen
HT(AQ > }\o -2-4% -2



What can you
do with the
FET7



*

a3

a2

a0

—

b3

b2

bl

b0

- /4\(%5: Ao % Aix £ oyt quxj

=5




A(z) = azx® + asx® + a1z + ag

Q

B(x) = b3£€3 —l— bQSCQ —l— bliC —l— bo

a363x6—|—
t(a352 + a2b3)335—|-
(a3by + asbs + arbz)x*+
C(x) = (asbo + agby + a1ba + agbs)x>+
(azby + a1b1 + aob2)ﬂ32—|—
(a1bo + agbi)z+



y=2x+1

A

25

15 Y,
g y=2x+1

——
y=x+1
) %
8 /*0/08 [ 48

3



y=2x2+3x +1
- 4
3

‘ -
H

=2x+1’

y=x+1

2

721

1



as @ a2 Y | bs| ba| bi| bo

cA(z) = ap + arr + asx? + azx® + 0z + 02° 4 02° + 027

- B(x) = by + by + byx? + bzx® + 0z* + 02° + 02° + 07

=F T CA) FrT(R).
& .
” Pa‘n/ﬁj , /) P'a,/\‘\’j
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47 Multiplying n-bit

6 1
0 1
6 3
1234 5678

split and zero pad splitand zero pad
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FFT (in Zs3; with wg=85) FFT (in Z5, with wg=85)
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Recursive pointwise multiplication (mod 337)
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GMP-BASED IMPLEMENTATION OF SCHONHAGE-STRASSEN’S
RGE INTEGER MULTIPLICATION ALGORITHM

PIERRICK GAUDRY, ALEXANDER KRUPPA, AND PAUL ZIMMERMANN

ABSTRACT. Schonhage-Strassen’s algorithm is one of the best known algorithms for multi-
plying large integers. Implementing it efficiently is of utmost importance, since many other
algorithms rely on it as a subroutine. We present here an improved implementation, based
on the one distributed within the GMP library. The following ideas and techniques were
used or tried: faster arithmetic modulo 2" + 1, improved cache locality, Mersenne trans-
forms, Chinese Remainder Reconstruction, the V2 trick, Harley’s and Granlund’s tricks,
improved tuning. We also discuss some ideas we plan to try in the future.

INTRODUCTION

Since Schonhage and Strassen have shown in 1971 how to multiply two N-bit integers in
O(Nlog N loglog N) time [21], several authors showed how to reduce other operations
inverse, division, square root, gcd, base conversion, elementary functions — to multiplication,
possibly with log N multiplicative factors [5, 8, 17, 18, 20, 23|. It has now become common
practice to express complexities in terms of the cost M(N) to multiply two N-bit numbers,
and many researchers tried hard to get the best possible constants in front of M (N) for the
above-mentioned operations (see for example [6, 16]).

Strangely, much less effort was made for decreasing the implicit constant in M (N) itself,
although any gain on that constant will give a similar gain on all multiplication-based op-
erations. Some authors reported on implementations of large integer arithmetic for specific
hardware or as part of a number-theoretic project [2, 10]. In this article we concentrate on
the question of an optimized implementation of Schonhage-Strassen’s algorithm on a classical
workstation.
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String matching with *

ACAAGATGCCATTGTCCCCCGGCCTCCTGCTGCTGCTGCTCTCCG6GGCCACGGCCACCGCTGCCCTGCE
CCTGGAGGGTGGCCCCACCGGCCGAGACAGCGAGCATATGCAGGAAGCGGCAGGAATAAGGAAAAGCAGC
CTCCTGACTTTCCTCGCTTGGTGGTTTGAGTGGACCTCCCAGGCCAGTGCCGGGCCCCTCATAGGAGAGG
AAGCTCGGGAGGTGGCCAGGCGGCAGGAAGGCGCACCCCCCCAGCAATCCGCGCGCCGGGACAGAATGCC

CTGCAGGAACTTCTTCTGGAAGACCTTCTCCTCCTGCAAATAAAACCTCACCCATGAATGCTCACGCAAG
TTTAATTACAGACCTGAA

Looking for all occurrences of
GGC*GAG*C*GC

where | don't care what the * symbol is.



