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ai,1
a2 1

ai1.2
az 2

b1,2
b2 2

C1.1
C2.1

C1,2
C2 2
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a2 1
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ai1.2
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A B v F

C D G H
:{AEJFBG AF+BH]
CE+DG CF+DH



A B v F

C D G H
:[AE+BG AF+BH]
CE+DG (CF+ DH

T(n) = 8T (n/2) + O(n®)

@(ng)



[ AE+BG AF + BH
~ | CE+ DG CF+ DH

[Strassen]

P, =A(F — H)
P,=(A+ B)H
P3s=(C+ D)E
Py=D(G - FE)

Ps=(A+D)(E+ H)
Pe

(B — D)(G + H)
P; = (A—C)(E + F)



R=Ps+ Py — P, + Ps AE_l_BG AF—I—BH S|= P + P
C'E+DG CF-I-DH

= P34+ Py =P+ P —-P5—-F
Istrassen]
Py = A(F — H)
P,=(A+ B)H
P3s=(C+ D)E
Py =D(G— FE)



k=b+h-Phtbl AR 4 BG AF 4+ BH S|=P + P
CE—I—DG C'F—I—DH

= P3+ Py =P+ P — Py— Iy
Istrassen]
P, =A(F —H)
P, =(A+ B)H M(n) =T7M(n/2) + 18n°
P3s=(C+ D)E log 7
P, = D(G — E) — 6(77’ ° )



taking this idea further

3x3 matricies [Laderman’/5] in 23 mults



1978 victor pan metnoa

/0x70 matrix using 143640 mults

what IS the recurrence:
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problem: given a list of n elements, find the element
of rank n/2. (half are larger, half are smaller)



poroblem: given a list of n elements, find the element

of rankA72) (half are larger, half are smaller)
can generalize to |

first solution: sort and pluck.

O(nlogn)




poroblem: given a list of n elements, find the element
of rank 1.

key insight:
we do not have to “fully” sort.
semi sort can suffice.




pick first element
partition list about this one
see where we stand



review: how to partition a list




review: how to partition a list

A

GOAL.: start with THIS LIST and END with THAT LIST

4

Soeseseses | | [ | | | [ | |

lessthan ————" ™~ greater than




review: how to partition a list




review: how to partition a list Suap




review: how to partition a list




review: how to partition a list




review: how to partition a list




review: how to partition a list

partitioning a list about an element takes linear time.




select (¢, A[l,...,n])



mmo!oomou

p
select (¢, A[l,...,n|)
handle base case of 1 element.
partition list about first element
if pivot p Is position 1, return pivot
else if pivot p is in position > i select (¢, A[l,...,p —1])
else select ((i—p—1),Alp+1,...,n])



. Assume our partition always
select (4, A[L, ..., n]) splits list into two eq|l parts

handle base case.

partition list about first element

f pivot Is position I, return pivot

else if pivot is in position >i  select (¢, A[1,...,p —1])
else select ((1—p—1),Alp+1,...,n|)



. Assume our partition always
select (4, A[L, ..., n]) splits list into two eq|l parts

handle base case.

partition list about first element

f pivot Is position I, return pivot

else if pivot is in position >i  select (¢, A[l,...,p —1])
else select ((1—p—1),Alp+1,...,n|)

T(n)=T(n/2)+ O(n)

O(n)



oroblem: what if we always pick bad partitions”




oroblem: what if we always pick bad partitions?




oroblem: what if we always pick bad partitions?




oroblem: what if we always pick bad partitions”




select (¢, A[l,...,n|)

handle base case.

partition list about first element

f pivot Is position I, return pivot

else if pivot is in position >i  select (¢, A[l,...,p —1])
else select ((1—p—1),Alp+1,...,n|)



select (¢, A[l,...,n])

handle base case.

partition list about first element

f pivot Is position I, return pivot

else if pivot is in position >i  select (¢, A[1,...,p —1])
else select ((1—p—1),Alp+1,...,n|)

T(n)=T(n—-—1)4+ O(n)

O(n?




\Necoed

a good partition element

partition (A[L,...,n])



\Necoed

a good partition element

partition (A[L, ..., n|) produce an element where
30% smaller, 30% larger




solution:
pootstrap

Image: gucci

Image: mark nason

image: d&g



partition (A[1,...,n|)




partition (A[1, ..., n|)

L0 CY O I SN €D E LN 8 1 KD (D € (I C) S C




partition (A[L,...,n])

O ZI1 SI i I 7 I 5 j@ 911 1@[ 4 I 8 #1 3:@ 7 3 I 9 é@ 411 5@@ 9]@}?1 5}

891548
divide list Into groups of 5 elements

find median of each small list using brute force
gather all medians




partition (A[1,...,n])

median of

each group ?

form a m B[l,...,[n/5]]

smaller list
select([n/5]/2,B[1,...,[n/5]]) .

use the median of this
smaller list as the
partition element




partition (A[l,...,n|)

AT TN 2T TN 2T TN T TN 2T TN 2T TN 2T TN 2T TN 2T TN T TN
Y Y Y ¥ Y ¥ Y ¥
[ [ [ [ [ [ [ [
A A A A A A A A
\__/ \__/ \__/ \__/ \__/ \__/ \__/ \__/ \__/ \__/

divide list into groups of 5 elements

find median of each small list using brute force
gather all medians

call select(...) on this sublist to find median

return the result



partition (A[l,...,n|)

P N N N 7 T\ s N 2T TN 2T TN 2T TN 2T TN 2T TN
¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥
I I | I [ [ [ [
A A A A A A A A

\__/ \__/ \__/ \__/ \__/ \__/ \__/ \__/ \__/ \__/

divide list into groups of 5 elements
find median of each small list
gather all medians

call select(...) on this sublist to find median

return the result

P(n) = 5(In/5]) + O(n)




a nice property of our partition

PEEO8 o )¢ 7“




a nice property of our partition

BEO88 @ % 7&

@06
CHON RON
06000
@0 @
®©®
Imagine rearranging the
elements by sorting each

column and then also sorting
the medians.




SOWITCH TO A




SOWITCH TO A

These yellow elements are all smaller
than the median. How many are there”




oWIOR TO A BIGGER EXAMIPLE

These yellowlelements are all smaller Q — Q Q — —
than the median. How many are there? Q Q _ Q Q _ _
1 TR K

¥ ([iw ‘ﬂ - 2) @00 T

3n Q00
> —6
10

There are [n/5]/2 columns. Ignoring the first and

last, each column has 3 elements in it that are
smaller than the median.




a nice property of our partition

this implies there are

at most 7n nuMmbers
E + 6

larger than W
/smaller




a nice property of our partition




The median-of-medians Is guaranteed to
have a linear fraction of the input that Is
smaller and larger than it.




oooouooooooo!oooooooo

p
select (¢, A[l,...,n|)

handle base case for small list

else pivot = FindPartitionValue(A,n)

partition list albout pivot

if pivot Is position 1, return pivot

else if pivot is in position > i  select (¢, A[l,...,p — 1])

else select ((i —p—1),Alp+1,...,n])



FindPartition (A[L,...,n])

7 T\ 2 T\ 2 T\ 2 T\ 2 BN 27T TN 72T TN 72T TN 72T TN 2T TN
Y Y Y Y Y Y ¥ ¥
I I I I I I I I
A A A A A A A A
\__/ \__/ \__/ \__/ N7 N ea?” S 7 S 7 SN 7 SNV

divide list into groups of 5 elements
find median of each small list
gather all medians

call select(...) on this sublist to find median

return the result

P(n)=5([n/5]) + O(n)




select (%, A[1,...,n])

handle base case for small list

else pivot = FindPartitionValue(A,n)

partition list albout pivot

f pivot Is position I, return pivot

else if pivot is in position > i select (¢, A[l,...,p — 1])

else seglect ((1—p—1),Alp+1,...,n])

S(n) =S(|n/5])+0Om)+ S(|7n/10 + 6])

You can use Induction like in the
@ (n) homework problem.



How to get intuition for S(n)



Fast, Ul 9 NS
Fouriey
Pranstorm




Fourler transforms are used In signals processing and EE.
We are going to present a CS interpretation of the technigue.






pig ideas:

1. Changing representation from
polynomial (coefficient form) into
polynomial (point-wise form)

2. Clever divide and conquer



f(z) =5+

-2.5

1
Qir—kaz*

X

7.5

10









y = ai® +bx + ¢

17500

—0 = al + b)) + ¢
30 = a(5*)F b5 + ¢
515 + b10 + ¢

l"

a(1021)511

-

=

10007

7507

5007

10, 515)
(5, 30)

+ + + + + + + + + + + + + + + + + + + + + + + + + + + + + + +
2.5 5 7.5 10 12.5 15 175

-250T




y:aﬁ;l2+b:c+c

—o = al + bO + C
| Solving this system yields
30 = a(52)" b5 + ¢ EbChRuEE AmEaEy

-~ y="T7Tx"—38x—15
515 = a(10°)+ b10 + ¢

“

=

3
-

10007




A(x) = apg + A1 + azan R Cln_lilj‘n_l

This is a polynomial. Its standard
representation Is given by its coefficients.



n points on a curve

AIA

degree n — 1
polynom1al

Iwo ways to represent a polynomial.

@



FE'T

mput: 4, A1, A2, ...,0n—-1
A(CB> — A + a1l S azaj‘z + ...+ an—lipn_l

Output:



FE'T

mput: 4, A1, A2, ...,0n—-1
A(QB) — Ao _'_ a1l —|— (],2:13’2 —|— .. e _l_ a'n—lxn_l

output: evaluate polynomial A at (any) n different points.

n points on a curve



| ater, we shall see that the same
ideas for FF1 can be used to
mplement Inverse--|.

nverse FET: Given n-points,



1he same Ideas for FF 1 can be
used to Implement Inverse-r1.

nverse FET: Given n-points,

Yo, Y1y - - -3 Yn—1
find a degree n polynomial A such that
yi = A(w;)




FE'T

mput: g, A1, A2, ...,An—_1
A(Qj) — A + a1l RS a,za’,‘z + ...+ a’n—lxn_l

output: evaluate polynomial A at (any) n different points.
n points on a curve

A(:U)H “"",,




A(aj) — ag —a1x + azajz + ...+ an—ll'n_l

Brute force method to evaluate A at n points:



solve the large problem by

solving smaller problems
and combining solutions



A(QE) — Qg + A1 + a2$2 I & an_lxn—l



A(aj) = ap + A1 + a2x2 g & an_lmn—l

2 4 _
= ag + asx” +ax” + -+ a,_ox

3 5 1
+a1T + as3xr- + asx + - + an—1$n

_________________________________________________________________________________________________________________________________________________________________________________

AG(I) — A an Aol R a,4x2 4 ... 4+ anx(’n—Q)/Z

Ao(x) = a1 + azx + a5:)32 + oo+ a%_lz,j('n—?l)/2

_________________________________________________________________________________________________________________________________________________________________________________




A(x) = Ao (2%) + zA, (z)

suppose we had already had eval of A, A, on the values {4,9,16,25}



2 2
A(x) = Ac(z”) + A, (27)
suppose we had already had eval of Ae,Ao on {4,9,16,25}

e (9) Then we could compute 8 terms:
i e A(2) = Ac(4) + 24,(4)
A(=2) = Ac(4) + (—2)As(4)
A3) = A(9) + 3A,(9)
A(=3) = Ac(9) + (—3)As(9)

.A(g), A(-4), A%, A(5)




VWhat we need

We could compute

A(2)
A(=2)
AQ3)
A(=3)
A(4)
A(—=4)
A(S)
A(=3)

3, degree n



VWhat we need

We could compute If we had...

A(2) Al4), A\ (4)

A(=2) A 9),A (9)
A(3) A,(16),A,(16)

A(—3) A (25),A (25)
A(4)

A(=4)
A(QS)

A(=3)

8, degree n 8 degree n/?2



VWhat we need

We could compute If we had... Whil%lh we t If we had...

AQ) ADAG

A(=2) A9), A, (9)
A(3) A,(16), A (16)

A(—3) A (25),A (25)
A(4)

A(—4)
A(S)

A(=3)

8, degree n 8 degree n/?2



VWhat we need

We could compute If we had... Whil%lh we t If we had...
AQ) A(4), A, (4 p
A(=2) A, 9),A,9) A (16),A,,(16),4,,(16),A,,(16)
A(3) A (16),A (16) A.(81),A,,(81),A,,(81),A,,(81)
A(-3) A (25),A (25) A,(256),A,,(256), A,,(256), A,,,(256)
A(4) A, (625),A, (625),A (625),A (625)
A(—4)
A(5)
A(=5)

8, degree n 8 degree n/?2 16 degree n/4



VWhat we need

We could compute If we had... Which we If we had...
could compute
A(2) A,(4),A,4)
A(-2) A[9),A,(9) Aee(16),4,,(16), 4,,(16), 4,,(16)
AQ3) A (16),A (16) A(81),A,,(81),4,,(81),A,,(31)
A(=3) A.25).A (25) A,(256), A,,(256), A,,(256), A, (256)
A4) A, (625),A,,(625),A, ,(625),A, (625)
A(—4)

We need a better way to pick the points.

A(S) .
The FFT uses the roots of unity.

A(=)5)
8, degree n 8 degree n/?2 16 degree n/4



ROOts of unity
r’ =1

should have n solutions

what are they?



Remember this?

6271'1 — 1




r"' =1

the n solutions are:

consider {1’ 62777,/72,7 627722/n7 6277@3/72,7 L 6277@(77,—1)/77,}



consider 627Tij / T

€

p(2mi/n);

273 /n

T

L

the n solutions are:

T

= 1

for j=0,1,2,3,...,0°1

6(2'frz'/n)n

17

= W ] T is an nth root of unity

WO nsyW2ny« -y Wn—1n




What Is this number??

6271-2]/” - UJJ’?’L is an nth root of unity



What Is this number??

QQWZJ/TL = wj,n is an nth root of unity

e = cos(z) + isin(z)

2™/ = cos(27tj/n) + isin(27j/n)



ezﬂij/n - w]7n is an nth root of unity

Won,W2ny- -y Wn—-1n

| ets compute W18



Compute all 8 roots of unity

Wo W1 2 W3 W4 W5 W6 w7z
1 -
0.71
O -
—0.71
-1 | | | | |
—1 —-0.71 0 0.71 1

Then graph them



roots of unity
r' =1
should have n solutions
2™/ = cos(2mj/n) +isin(27j/n)

W1 8




roots of unity
r’ =1

should have n solutions

2™/ = cos(2mj/n) +isin(27j/n)




Sguaring the nth roots of unity
r’ =1

dh




Thm: Squaring an nth root produces an n/2t root.

1 2
example: W1.8 = (ﬂ | ﬂ)




Thm: Squaring an nth root produces an n/2t root.

1 2
example: W1.8 = (ﬂ | ﬂ)

b () - () () ()

= 1/2 47— 1/2

=1



Sguaring the nth roots of unity
2 =1

r' =1

W18

Squaring all of the

Nth roots of unity

poroduces the n/2tr

roots of unity




S AP RANPANSD



A(x) = Ao (2%) + zA,(2°)

evaluate at a root of unity



A(x) = Ao (2%) + zA,(2°)

evaluate at a root of unity

A(wjn) = Ae(w2 ) + wi,nAO(wz )

1,1 1,1
th
nf root n/2th root n/2th root
of unity of unity of unity




FFT(f=al1,...,n})

Evaluates degree n poly on the nth roots of unity



FFT(f=al1,...,n})

Evaluates degree n poly on the nth roots of unity
4 N

Base case If n<=2

E[ : ] <- FF1 (Ae) // eval Ae on n/2 roots of unity
O[ : ] <- FF1 (Ao) // eval Ao on n/2 roots of unity

For 1..n, combine results using equation:

A(wi,n) = Ae (wz’z,n) T Wi,nAO(wiz,n)

A(Wz',n) — Ae (wi mod n/Z,%) T wi,nAO(wi mod n/Z,%)

Return n points.




—Xample

FFT4, 1, 3, 2, 2, 3, 1, 4)

What does this function compute”



—Xample

FFT4, 1, 3, 2, 2, 3, 1, 4)

What does this function compute”

It evaluates 4 + 1X + 3x2 4 2Xx3 + 2x4 4+ 3x° + 1x6 + 4x7

on the 8th roots of unity, which are



—Xample

FFT4, 1, 3, 2, 2, 3, 1, 4)

What does this function compute”

It evaluates 4 + 1X + 3x2 4 2Xx3 + 2x4 4+ 3x° + 1x6 + 4x7

on the 8th roots of unity, which are

W1 wW»o W3 Wy Wi We W7 s

1

1

1 1
V2 T2



AX) =4 + TX + 3x2 + 2x3 + 2X4 + 3X° + 1x6 + 4x7



=4 + 1X + 3x% + 2x° + 2x* + 3x° + 1x° + 4x’

L A
Ae(x) S 4 S 2T

2 S
ADCX) = l ~4 ) A 35 A [/QX

- (‘(JVUMS | —
=T (/f\d = 2 o 2t z 2-2,




VWhat can you
do with the
FFT7




a3

a2

al

a0

b3

b2

bl

b0




A(x) = azz® + asx” + a1z + ag

B(CE) — bgCES -+ b2$2 -+ bla;' -+ b()




y=2x+1

A
Y—35
251
//
y=X+1




| y=2x>+3x +1

A

45




a3 | a2 || a) || ao *

b3 || b2| by || bo

A(z) = ag + a1z + asz® + azz® + 0x* + 0x° + 02° + 0z’

B(z) = by + bix + bax® + bsx® + 0z* + 02° + 02° 4 0z°




a3 | a2 || a) || ao *

b3 | b2 || b1 || bo

A(z) = ag + a1z + asz® + azz® + 0x* + 0x° + 02° + 0z’

B(z) = by + bix + bax® + bsx® + 0z* + 02° + 02° 4 0z°

A(w()) A(wl) A(CUQ) A(UJ7)




b3 | b2 || b1 || bo

a3 | a2 || a) || ao *

A(z) = ag + a1z + asz® + azz® + 0x* + 0x° + 02° + 0z’
B(z) = by + bix + bax® + bsx® + 0z* + 02° + 02° 4 0z°

Alwg)  Alw1)  A(wo) A(w7) EET
B(w()) B(wl) B(wg) B(w7) EET




b3 | b2 || b1 || bo

a3 | a2 || a) || ao *

A(z) = ag + a1z + asz® + azz® + 0x* + 0x° + 02° + 0z’

B(z) = by + bix + bax® + bsx® + 0z* + 02° + 02° 4 0z°

A(w()) A(wl) A(CUQ) A(W7) EET
B(w()) B(wl) B(wg) B(w7) EET
Clwo)  Cw1) Clws) C(wr)




a3 | a2 || a) || ao *

b3 | b2 || b1 || bo

A(z) = ag + a1z + asz® + azz® + 0x* + 0x° + 02° + 0z’

B(z) = by + bix + bax® + bsx® + 0z* + 02° + 02° 4 0z°

A(w()) A(wl) A(CUQ) A(W7) EET
B(w()) B(wl) B(wg) B(w7) EET
Clwo)  Cw1) Clws) C(wr)

2 7
C(x) =co+cix+cax”+---crx’  mer




karatsuba

application to mult

3




application to mult
S0 (7|8 9 Y |1 |4 3|2

i
9",

E a b C d

T'(n)=3T(n/2) +60(n)
@(nlogQ 3)




—>5 16 34 60 61 52 32

1 2 0 [ | [ |
5 6
8 16 24 32 r ] r ]
7 14 21 28 I I — I
6 12 18 24
510 15 20

1234 5678

Split and zero pad Split and zero pad

4 321|000 |O 8|17|6|5|]0|]0|0]|O0
10 (329|298|126| 2 |271| 43 |301 26|24 1298|322 2 |83|43 |27

~

Recursive pointwise multiplication (mod 337)

260|145|173|132 4 [251|164|138 32

Inverse FFT 651)2
—>132|52|61|60(34[16| 5 | 0 320
Recombination (carrying) |«— 16
7006652 3006652

https://en.wikipedia.org/wiki/File:Integer multiplication by FFTsvg

Schonhage—Strassen “71 O(nlog nloglogn)

Firer ‘07 O(nlog n410g*(n))

Harvey-van der Hoeven 20  O(nlogn)


https://en.wikipedia.org/wiki/File:Integer_multiplication_by_FFT.svg

A GMP-BASED IMPLEMENTATION OF SCHONHAGE-STRASSEN’S
LARGE INTEGER MULTIPLICATION ALGORITHM

PIERRICK GAUDRY, ALEXANDER KRUPPA, AND PAUL ZIMMERMANN

ABSTRACT. Schonhage-Strassen’s algorithm is one of the best known algorithms for multi-
plying large integers. Implementing it efficiently is of utmost importance, since many other
algorithms rely on it as a subroutine. We present here an improved implementation, based
on the one distributed within the GMP library. The following ideas and techniques were
used or tried: faster arithmetic modulo 2™ + 1, improved cache locality, Mersenne trans-
forms, Chinese Remainder Reconstruction, the v/2 trick, Harley’s and Granlund’s tricks,
improved tuning. We also discuss some ideas we plan to try in the future.

INTRODUCTION

Since Schonhage and Strassen have shown in 1971 how to multiply two N-bit integers in
O(N log N loglog N) time |21], several authors showed how to reduce other operations —
inverse, division, square root, gcd, base conversion, elementary functions — to multiplication,
possibly with log N multiplicative factors [5, 8, 17, 18, 20, 23]. It has now become common
practice to express complexities in terms of the cost M (/N) to multiply two N-bit numbers,
and many researchers tried hard to get the best possible constants in front of M (N) for the
above-mentioned operations (see for example [6, 16]).

Strangely, much less effort was made for decreasing the implicit constant in M(N) itself,
although any gain on that constant will give a similar gain on all multiplication-based op-
erations. Some authors reported on implementations of large integer arithmetic for specific
hardware or as part of a number-theoretic project [2, 10]. In this article we concentrate on
the question of an optimized implementation of Schonhage-Strassen’s algorithm on a classical
workstation.
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String matching with *

ACAAGATGCCATTGTCCCCCGGCCTCCTGCTGCTGCTGCTCTCCGGGGCCACGGCCACCGCTGCCCTGCC
CCTGGAGGGTGGCCCCACCGGCCGAGACAGCGAGCATATGCAGGAAGCGGCAGGAATAAGGAAAAGCAGC
CTCCTGACTTTCCTCGCTTGGTGGTTTGAGTGGACCTCCCAGGCCAGTGCCGGGCCCCTCATAGGAGAGG
AAGCTCGGGAGGTGGCCAGGCGGCAGGAAGGCGCACCCCCCCAGCAATCCGCGCGCCGGGACAGAATGCC

CTGCAGGAACTTCTTCTGGAAGACCTTCTCCTCCTGCAAATAAAACCTCACCCATGAATGCTCACGCAAG
TTTAATTACAGACCTGAA

L ooking for all occurrences of

GGC*GAG*C*GC

where | don't care what the * symbol is.



