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We are introducing a new
algorithmic technique
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West 81st Street, New York, ...
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The Stairs opportunity




Stairs(n)
if n<=1 return 1

return Stairs(n-1) + Stairs(n-2)



Stairs(n) if n<=1 return 1
Return Stairs(n-1) + Stairs(n-2)

Stairs(5)
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Stairs(n) if n<=1 return 1
Return Stairs(n-1) + Stairs(n-2)

Stairs(5)

Stairs(4) Stairs(3)



Stairs(n) if n<=1 return 1
Return Stairs(n-1) + Stairs(n-2)

Stairs(5)

Stairs(4)

Stairs(2)
‘m wb/[’(_7, 7

Stairs(2) Stairs(1) \Stairs(1) Stairs(0) Stairs(1) Stairs(0)




initialize memory M
7_

Stairs(n)



Stairs()

1f n<=1 then return 1
if n is in M, return M[n]
_sanswer = Stairs(i-1)+ Stairs(i-2)

M[n] = answer &;
return answer S%&m on S0

Stairs(s)



Stairs(n)

if n<=1 then return 1

if n is in M, return M[n]

answer = Stairs(i-1)+ Stairs(i-2)
MIn] = answer

return answer

Stores 8 Stairs(s)

Returns 8 |

Stores 5

roumss Stairs(4)  Stairs(3) (romm

|
Retms 5 Otairs(3)

Stores 2 StairS(Z)

Returns 2

Stairs(1)

Returns 1

Returns 2

Stairs(2) Foume

Stairs(r)

Returns 1

Stairs(o)

Returns 1



Stairs(n)

stair[0]=1
stair[1l]=1



Stairs(n)

stair[0]=1
stair[1l]=1

for i=2 to n
stair[i] = stair[i-1]+stair[i-2]
return stair[i]

For this simple example, you might have started with
this structure. But the same pattern applies to more
complicated examples.



Dynamic

“rogramming
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recursive structure

memMoizing



wood cutting

Quarter Sawn Regular Sawn
Log Log

sawn-oak.htm



http://www.amishhandcraftedheirlooms.com/quarter-sawn-oak.htm

I Im. file: -wakefield-and-carl-fie.gif



http://snlm.files.wordpress.com/2008/08/bill-wakefield-and-carl-fie.gif
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Log cutter dilemna

input to the problem: width n and prices (py, ..., p,)

goal: \/\av\) Ceon U(}J Yv\ox;g{v\f.be J(\/\( evla ke
Jro o gef oo e of wilth @)



Log cutter dilemna

input to the problem: width » and prices (p, ..., p,)

goal:

Output plank widths i}, ..., i, such
that the sum of the plank'widths is

less than n which maximizes the

k
revenue Z D;
J
=1~
/



Greedy fails

1" N 5
1$ 79/ 8% 108

3" log




Greedy "Avg” falls
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6" log




Observation

7 )(\/\ ~ Cu o QloTwan
This is our log —7 A lalehof bt sl




Observation

This is our log

y/al
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«==—— Last cut of length L,
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One  wale 7

0[71( 7C»v s J .
Think about the very last cut that is made in the
optimal solution. From this, we know that the best
revenue is the price of this cut plus the best

solution for the rest of the log.



Solution equation

DPE = May be Oﬁ(ﬂb

b\v\




Solution equation

opt, = Ilnax {pi + Optn_i}

The optimal revenue for a log of n is the max
of the price for the last cut, plus the optimal
revenue for the remainder of the log.



Optimal

Approach




Approach
Optimal m

opt, depends on the optimal values for n-1, n-2, ...

This suggests to build the array from O to n.
=




BestLogs( 7, (p1,.--, Pn))
if n<=0 return 0



ﬁBestLogs(n,(P1,---,Pn))

if n<=0 return 0
for i=1 to n
Best [ | ] = k@?x'{pk + Best[i — k]}

return Best[n]



:Xample BestLogs( 7, (p1,---,Pn))

if n<=0 return 0O

r-r v ¥ 5 ¢ for i=1 to n
1 18 248 36§ 508 508 Best[1] = max {p; + Bestli —k]}

=

return Best[n]
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_Xample BestLogs( n,(Pl,---,Pn))

) ) if n<=0 return 0
rr ¥y ¥ v 6 for i=1 to n

1$ 18 246 36§ 505 508 Best[1] = max {p; + Bestli —k]}

return Best[n]

max {pl +B,p, + BO} max {pl + B3, py+ By, p3+ B, py + BO}

I D G G G G G

max {pl + Bo} max {pl + B4,p2 + B3,p3 + Bz,p4 + Bl’p5 + Bo}
1

max {Pl +B,,p, + Bi,p3 + Bo}



The actual cuts?

The previous algorithm just returns the optimal revenue.
How can you find the optimal cuts?



BeStLOgS( n, (pll s ey pl’l)) lmp af (;_

£ if n<=0 return 0
Loop 2 or i=1 to n
A Best[i] = max {py + Best[i — k|}
—

k=1

choice[i] = *\
return Best[n] S fhe yndy  Khot
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—Xample
1 2 3 b b
1$ 18 24% 365 505 508

opt (O [ 1 [(18])24/36/50)54)

Choice 0

L



—Xample

1 2 3 Y 5 6 -
15 188 24$ 36§ 505  50$ .2,
< (<0 29 §e§ hq0 “Z(¢o
max {pl +B,p, + BO} max {pl + BS’Pg_";Bz’I% +B,p,+ BO}

opt (O [ 1 [(18])24/36/50)54)

: : ; : Pzt ®
Choice 1 Z 2 )t s 2] 7 —
— — = —
m(ia)x {p, + B} L max {p; + By, py + By, p3 + By, py + By, ps + By }

max {Pl + By, p, + By,p3 + Bo}
ﬁ



Main ideas

|dentify the recursive structure of
the problem with an equation.

Design a way to compute this
equation through an iterative
loop that follows a good order.

Use another variable to record
optimal parameters at each step to
reconstruct a solution.



Matrix
] I I

Dynamic programming in 2 dimensions!






A1 - Ay - Aj

(A1-As)- A3 Ap-(As- Ap)




L— )
9&0' (20
S 000

Tk 350D
—

52 e Acses



(A1 - Az) - A3

100 5 50

- s I
I00

10-100-5+ 10 -5 - 20

operations
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A1 - Ay - Aj

100 5 50
- s [
100

100 -5 - 20 + 10 - 100 - 50

operations



order matters

(for efficiency)

Key Question: what is the best order in which to
multiply the matrices”?



how do we solve it?

identify smaller instances of the problem

_
devise method to combine solutions
small # of different subproblems

solved them in the right order

/



optimal way to compute

{Al Ao Ag Agjj%ﬁcs : An}
T

Suppose this mul’&_ was the
last step in the QRtichat order
for computing the product.

OPJ“,H{’ Oe%l:‘f + OPJY,_M +

S



optimal way to compute

Aj

As A3 A4l A,
“ I

Suppose this mult was the
last step in the optional
for computing the product.

st ol
o 10
s
s A wo 77

B(1,n) = B(1,4) + B(5,n)
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optlmal way to compute

ArAgAsAdl . An

r CL( Cn
Size of A|A,A3A, Size of As...
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optimal way to compute

{A1A2A3A4}{. DAL

Cost of multiplying A;A,A3A, and As...




optimal way to compute

A1 A2 A3A,. . Ay

Suppose this mult was the
last step in the optional order
for computing the product.




optimal way to compute

A1 A2 A3A,. . Ay

Suppose this mult was the
last step in the optional order
for computing the product.

B(1,n) = B(1,4) + B(5,n) + ?



optimal way to compute

A1 AoASA, .. A,

B[1,n] =
Min
~- e A
B B(\2) Bl) L)
Blzw)  *BC3a) Tt Bl ()

+4 \(‘(.C(.c‘/\ B (\—CZ-CV\ \(\\'C{'- —C\/\ \[\( C _'C(/\



optimal way to compute
A1AA3A, .. A,
B[1,n]

B[1,1]
B[2,n]

Rl C'1 Cn



optimal way to compute
A1AA3A, .. A,
B[1,n]

B[1,1] B[1,2] B[1,n-2] B[1,n-1]
B[2,n] B[3,n] B[n-1,n] B[n,n]

RlClcn RlCQCn Rlcn—2cn Rlcn—lcn






(

\

B(1,1) + B(2,n) + ric1cq
B(1,2) + B(3,n) + ricacy,

B(1l,n—1)4 B(n,n) + rich_1cy



B(Zvj) —

0ifi=j
ming{B(i, k) + B(k + 1,7) + ricic;



B(Zvj) —

0ifi=j
ming{B(i, k) + B(k + 1,7) + ricic;

which order to solve?



=8 b)

35

I

=3

Z 2
zs=== - =
—, 3 0
e
s 2 = 0ifi=j
0 B(i,j) = { ming{ B(i, k) + B(k + 1,7) + ricke;
1 2 3 4 5

6
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B(1,2) = in ZBC\( D+ 6(2Y) + v,

5035 (5



2

35 I 5 10 20
I sHl 10
30 A 35 A, 1§ 20
I

B(1,2) = min {B(1,1) + B(2,2) + ric;c, |



5 10 20 2
| = -ml
15 20

6 1020125 = 5000 @
5 5¥10%20 = |9(£) O
4 isis#10= 750 0
3 35*|5*5=26/25 0
2 s05+15= 1 5750 O
ay 0ifi=j
I 0 B(i,7) =\ min{B(i, k) + Bk + 1,5) + ricac;

I 2 3 4 5 6



O l62S S,D_;g‘g

B(1,3) — min { 6Cly) 6C3,D) « e G

35 I 5 10 20 2
| = Nl
(AL
A ES

ST« 0 + 2o0-15.§
3 35+15%5 = 2625 0
2 s05+15= 1 5750 O
- 0if i =
. 0 B(7,7) =\ ming{B(,k) + B(k + 1,5) + ricc;

I 2 3 4 5 6



5 10 20 2
| = ~mm
15 20

I 6 10500 | 5375 3500 | wws-s0 |0
5 11875 || 7125 2500 || swn-1000 0
4| 9375 4375 | w70 0
3 7875 3511515 - 2625 0
5 | wmse 15750 0
1 0. B(i,j) = { ?ngl;{:BJ(zk) + B(k + 1,5) + rickc;
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5 10 20 2
| = -ml
15 20

6 (k=1 0 4 10500 4 30 - 35 - 25
k=2 15750 4+ 5375+ 30-15-25
C(1,6) =min{ k=3 7875+ 3500 + 30"
k=4 9375 +5000+30-10-25
k=5 11875 + 0+ 30 - 20 - 25

\



5 10 20 2
| = -ml
15 20

6 (k=1 0 + 10500 + 26250
k=2 15750+ 5375+ 11250
C(1,6) =min{“ k=3 7875+ 3500 + 3750
k=4 93754+ 5000 + 7500
k=5 11875 4+ 0 + 15000

\
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10 20 2
o
20

15125 ;]| 10500 | 5375 3500 | wwe-so0
11875 || 7125 2500 || sewt000 || 0
9375 4375 510750 0
L
7875 351515 = 2625 0
30435+15= | 5750 O
0
St 2 3 4 5
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matrix-chain-mult(p)

initialize array m{x,y} to zero



matrix-chain-mult(p)

initialize array m{x,y} to zero

starting at diagonal, working towards upper-left

compute mli,j} according to

0ifi=j
ming{B(¢, k) + B(k + 1,7) + rickc;



running time:
initialize array m{x,y} to zero

starting at diagonal, working towards upper-left

compute mli,j} according to

0ifi=j
ming{B(¢, k) + B(k + 1,7) + rickc;



Billooard problem

LETTUCE.TOMATO.MAYO. 3>
ON THE DOUBLE.

© vaily double 517

Eye opener.
Sausage McMuffin with Egg




-93
mm mmom mw w mw
| N  Xn

Xj X2
\//1 V2 Vn
)
Qeo[)\e .
distance parameter

D Cannot place ads that are closer than D miles apart

-—



-93 D
Xi  Xo X3 X4 X5 X6 X7 Xs X9
V1 V2 V3 V4 V5 Ve V7 Vs Vo |V10

= T W W wmm w mm
—

|ﬂput |S ((x177xn)(v177vn)7D)

—_ 2 ==

Best, = Vo Vi + %55{ [*”j

1Sest )

~(



-9 —»D
X1 X2 X3 X4 X5 X6 X7 X8 X9  X10
V1 Vo V3 V4 V5 Ve V7 Vg Vg V10

e e i e i e e ke

e

Best =

Bests =



-9 —»D
X1 X2 X3 X4 X5 X6 X7 X8 X9  X10
V1 Vo V3 V4 V5 Ve V7 Vg Vg V10

=T TE T wm o me

Bestq =
Besty, =

Bests =



Sillboard Problem

BEST; 1

BEST; = max
v+ BEST ()

best[0] = 0
for i=1 to n

return best[n]



Sillboard Problem

BEST; 1

BEST; = max
J { vj + BEST(j)

best[0] = 0
for i=1 to n
cl = 1i-1

while( (x[i]l-x[cll)< D && c1>0) cl=cl-1
best[i] = max(best[i-1], vj+best[cl])

return best[n]



-3 — b
X1 X2 X3 X4 X5 X6 X7 Xs X9  X10
V1 V3 V4 Ve V7 Vg V10

T T = e =E 3 ==

O

Pre-process to find every board’s buddy.
right = n, left =n



-93 ——
X1 X2 X3 X4 X5 X6 X7
\% V3 Va4 Ve V7

T F = e =

X8

X9
Vo

X10
V10

- ==

Pre-process to find every board’s buddy.
right = n, left =n

move left until dist(x[right], x[left]) > D
buddy[right] = left

|

o

b[10]=8



-93 ——
X1 X2 X3 X4 X5 X6 X7
\% V3 Va4 Ve V7

T F = e =

X9  X10
Vo V10

-

Pre-process to find every board’s buddy.
right = n, left =n

move left until dist(x[right], x[left]) > D
buddy[right] = left
move right to right

b[10]=8



-9 —»D
X1 X2 X3 X4 X5 X6 X7 X8 X9  X10
V1 V3 V4 6 Vg V10

T T TEF T = ==

Pre-process to find every board’s buddy. b[10=8
right = n, left =n
while right and left are valid

move left until dist(x[right], x[left]) > D

buddy[right] = left

move right to right



-93 ——
X1 X2 X3 X4 X5 X6 X7
V1 V3 V4 6

X8 X9 X10
Vo V10

=

T FEE ==

Pre-process to find every board’s buddy.
right = n, left =n
while right and left are valid

move left until dist(x[right], x[left]) > D
buddy[right] = left
move right to right

handle any leftover right

b[10]=8



Setter Billboard

BEST; 1

BEST,; = max
Vj + BEST ()

<Preprocess buddies>
best[0] = 0

for i=1 to n
cl = i-1
hilel Oebilxiell< b &6 c1>8) clecl
best[i] = max(best[i-1], vI[jl+best[buddyl[il])

return best[n]



Knapsack

‘l;.,".



Sack has Capacity W

@'
4
W

W1 V1

W2 V2

W3 V3

Each item
has a weight wi
and a value v;

Goal is to select

a set of items that

“fit” into the Knapsack
and have the greatest
value.



Define a quantity that captures the optimal solution:
Best( {1,...,n}, C) :

Consider the very first item. Is it part of the max solution?

. W1 Vi1



Define a quantity that captures the optimal solution:

max value obtainable from items

Best({1,....n}, C) - {1...n} that fit in sack of size C

Consider the very first item. Is it part of the max solution?

' W1 Vi1



Define a quantity that captures the optimal solution:

max value obtainable from items

Best({1,....n}, C) - {1...n} that fit in sack of size C

Consider the very first item. Is it part of the max solution?

' W1 Vi1

B2...n,C) if not included }

B(l...n,C) = "
(1.7, C) max{v1+B(2...n—1,C—w1) if in



SRecursive structure

Either the best solution doesn’t include item i

B({i...n}, C) = max

Or, it includes item i and the best solution for the
remaining space, C-w;



—Recursive structure

Either the best solution doesn’t include item i

B({i+1...n}, C)
B({i...n}, C) = max .
vi+ B({i+1...n}, C - w)

Or, it includes item i and the best solution for the
remaining space, C-w;



B({}, 0...W)

B({n},0..W)

Pick an order

Start from the last item

0

0

0

0

0

0

0

0




B({},0..W) olo|lolo]o]olo]olo]o

B({n},0..W)

Pick an order

Start from the last item

{B({},C)
B( {n}, C) = max
vn+ B({}, C-wn)




Pick an order

Start from the last item

B({},0..W) 0

0

0

0

0

0]0{0({0]|0

B({n},0..W) 0

B( {n}, C) = max {

B({},C)
vn+ B({}, C-wn)

Vn

Vn




B({}, 0...W)

B({n},0..W)

B({n-1..

.n} 0..W)

Pick an order

Start from the last item

0

0

0

0

0

0

0

Vn

Vn

Vn

Vn

15

17

Vn

Vn

40




Pick an order

Start from the last item

B({},0...W) olojo|olololololofo]| - o]0
B({n},0...W) ololo]olo]o]va|valvalwa] = [wa]wa
15 17 40

B({n-1...n}, 0...W)

B({i+1...n}, C)
B({i...n}, C) = max ,
vi+ B({i+1...n}, C - w)



Knapsack( {w;,Viin, W)

Initialize B( {n-1}, 0...W) =0
forifromnto 1

for j from O to W B(i+1 ., ])
B(1i, ] ) = max L
vi+ B(i+1,j - w)

aslongasj>w
because otherwise,
this term is negative

Return B(1,W)



Knapsack( {w;,Viin, W)

Initialize B( {n-1}, 0...W) =0
forifromnto 1

for j from O to W
B(i,j)=B(i+1,])

if j > wiand B(i+1, j-wi )+ vi > S(1i, j)
B(i,j) = B(i+1, j-wi )+ vi

Return B(1,W)

How can we determine WHICH items are selected?



Knapsack( {w;,Viin, W)

Initialize B( {n-1}, 0...W) =0
forifromnto 1

for j from O to W

B(i,j)=B(i+1,])
pick(i, j) = false
if j >wiand B(i+1, j-wi )+ vi > B(, j)
B(i,j) = B(i+1, j-wi )+ vi
pick(i, j) = true

//Backtrack to find solution

cap =W, sol = {}
forifrom 1 ton

if picked(i,cap) = true { sol = sol + {i}; cap =cap - w;; }



PROBLEM: REDUCE IMAGE WIDTH

scaling: distortion
deleting column: distortion
delete the most invisible seam



http://www.youtube.com/watch?v=gadw0OBRKeMKk



http://www.youtube.com/watch?v=qadw0BRKeMk

O -ioix

‘Tmage Resizing

Shai Avidan
Mitsubishi Electric Research Lab

Ariel Shamir
The interdisciplinary Center & MERL

http://www.youtube.com/watch?v=gadwOBRKeMk



http://www.youtube.com/watch?v=qadw0BRKeMk
http://www.youtube.com/watch?v=qadw0BRKeMk

DEMOQO?

http://rsizr.com/



http://rsizr.com




WHICH SEAM TO DELETE?




ENERGY OF AN IMAGE

e(I) =

“magnitude of gradient at a pixel”

9,
0x

9.,

ox "

—1

0

Yy

y Ia:+1,y

|




energy of sample image

thanks to Jason Lawrence for gradient software






BEST SEAM HAS LOWEST ENERGY




FINDING LOWEST ENERGY SEAM?




DEFINE A VARIABLE:

Si(J)



definition: Sn (])

n— HHHNNNENENEEEEEEEEEEEN
n-1  HHNEEEEEEEEEEEEEEEEEN
ENEEEEEEEEEEEEEEEEEENm
ENEEEEEEEEEEEEEEEEEENm
EEEEEEEEEEEEEEEEEEEEN
EEEEEEEEEEEEEEEEEEEEN
ENEEEEEEEEEEEEEEEEEENm
ENEEEEEEEEEEEEEEEEEENm
EEEEEEEEEEEEEEEEEEEEN
EEEEEEEEEEEEEEEEEEEEN
2 AN EEEEEEEEEEEE.
] IS EEEEEe



definition:
Sn(J) best seam ending at (n,))

- ANNIEEEENEEEEEEEEEEE
n-1 [ HENEEERENEEEENEEENEEN
EEEEEEEEEEEEEEEEEEE.
L rrtrrtattrrrrrrelrd
CLrrrtrrerperrrrtrrbrr
CLrrrrrererrrrrtrrbrr
EEEEEENSE NN
L rrtrrbrertrrrrrrrelrd
L rrtrelrerrrtirrbrr
L rrtrAaArterrrrtrrbrr
2 HNEEEENEEEEEEEEEEEE.
s ettt rrtrrrrrr



BEST SEAM TO DELE

E HAS TO

BE THE BEST AMONG

7%27

Sn(m)



IDEA: COMPUTE + COMPARE

n HNNENENEEEEEEEEEEEEE.
n-1 [ HHNEEEEEEEEEEEEEEEEE
ENEEEEEEEEEEEEEEEEEEN
EEEEEEEEEEEEEEEEEEEE .
EEEEEEEEEEEEEEEEEEEE .



IMAGINE YOU HAVE THE
SOLUTION TO THE
FIRST N-T ROWS




EZEEZEEEEN

Sn-1(2) S, (m)

-~ AN



141141111

n 1(2

~AAIIEEEENE




Sp(1)

n-1(2) S

~AAIIEEEEEN

Sp(1) =e(n,1) + min{S,_1(1),5,-1(2)}



J
Il EREEENE
= 1 1 EEEN

Si(j) —




J
: IIII%IIIII
-1 [ EEEN
Si_l(j:—l)

Si(7) = e(i,j) + min { Si—1(7)
Si—1(7 +1)




ALGORITHM

start at bottom of picture

eyl <lim
Y TTTITTITD



ALGORITHM

start at bottom of picture.  initialize  S1(4) = e(1,1)

- INNEEEEEEE



ALGORITHM

start at bottom of picture.  initialize  S1(4) = e(1, 1)
for i=2 to n use formula to compute Sit+1()
Si1(G—1)
Si(j) = eli,j) + min{ Si—1(7)
Si1(j+1)

L
A 111111111
+ | [ I I O O



ALGORITHM

start at bottom of picture.  initialize  Si(¢) = e(1,1)
Si— 1(] - 1)
Si— 1( )

Sl 1(.7 + 1)

for i=2, n use formula to compute  Si+1()
Si(5) = e(i, j) +min{

Sv(




ALGORITHM

start at bottom of picture. initialize  S1(¢) = e(1,7)
for i=2, n use formula to compute  Si+1() Seal—1)
Si(7) =e(i,7) —i—min{ Si—1(J)
Si—1(j+1)

pick best among top row, backtrack.



RUNNING TIME

start at bottom of picture.  initialize  Si(2) = e(1,1%)
for 1=2, n use formula to compute Sit1() (¢ 1)
Si(4) = e(i, j) +min{ Si-1(J)
Sz 1(] + 1)

pick best among top row, backtrack.



